PROCEEDINGS 


- American Society . 
OS ee a iy 
_ Civil Engineers 
- AUGUST 
1936- 


| VOLUME 62 — : NO. 6 


PROCEEDINGS 


OP eis EE 


Piel CAN SOCIETY OF ‘CIVIL: ENGINEERS 


VOL. 62 AUGUST, 1936 No. 6 


WEEN LEAL OPRAPER'S 


AND 


DISCUSSIONS 


U oF | 
4 LIBRARY 


Published monthly, except June and July, at 99-129 North Broadway, Albany, N. Y., by 
the American Society of Civil Hngineers, Hditorial and General Offices at 33 West 
Thirty-ninth Street, New York, N. Y. Reprints from this publication may be 
made on condition that the full title of Paper. name of Author, page 
reference, and date of publication by the Society, are given. 


c Entered as Second-Class Matter. December 28, 1981. at the Post Office at Albany, N. Y., 
under the Act of March 3, 1879. Acceptance for mailing at special rate of postage 
provided for in Section 1103, Act of October 8, 1917, authorized on July 5, 1918. 


“Subscription (if entered before January 1) $8.00 per annum. Price $1.00 per copy. 


Copyright, 19386 by the AMERICAN SocinTy oF CivIL ENGINEERS 
\ Printed in the United States of America 


13214 


CURRENT PAPERS AND DISCUSSIONS 


Distribution, <1. Yo Dini. sateen see als Dec., 1934 
“s Episcussten ot = we age : ie Dev ohavede ee ipr tele lalla tetere fatone xs Un -Naamt ioe Mar., May, Aug., 1935 
Tapered Structural ome ‘pe Analytical Treatment. Walter H. Oct. tone 
DE OTEW ONG: onc a n0::0 tana leheke oe wiietiaice \w, @ueroue)/s) aiais 010s ssa- epee S “ IO 
Rees unione. aan Ws me i. ee Bee ata oe Se F crane Feb., Mar., May, Aug., 1936 
Influence of Diversion on the Mississippi and Atchafalaya Rivers. J. var 
SGUSDULY 20 cc creer cc cce cee etree eer sre sects ne est ere sre estereese ene Nov., 1935 
ADISCUSHIO NS aie clots vie wo. ctevevele ta oveye ecole e)efels, igs ielehelera ¢favenalioeista obits pieisre.s Apr., May, 1936 
Stable Channels in Brodible Material. WH. W. Lané....--.-..+seeceeeee- Nov., 1935 
: Diteussion aa tien, rie ALY  ®. sumiete muatebage cial sbeiate Be auan Feb., Apr., May, Aug., 1936 
Lateral Pile-Loading Tests. Lawrence B. Feagin.......+.ceeeeseeees ..+-Nov., 1935 
Discussion . se Sea Teh aveMaitcl oieie iene teas cus at eetieis ete ews Nov., 1935, Jan., Feb., Aug., 1936 
Sedimentation in Quiescent and Turbulent Basins. J. J. Slade Jr......... Dec., 1935 
THISCUSHION Ms Sekeieidets aiireatere es bios be eee esis Seco mieephencteterert cnet Petar Feb., May, 19386 
Wind Stresses in Reinforced Concrete Arch Bridges. A. A. Hremin........ Dec., 1935 
MDIACUSS TOI Ey =. a tet. c sheuetete ecetalecstetsl ateke stars atic wilakerehegesladeraieteteletencjicue.eleset Apr., Aug., 193 
Successive Eliminations of Ae iter in the Slope Deflection Method. John 
BOUI acu oietomista se hens GOO IR OD RAO A Ce iar torn yous Ute tes Dec., 1935 
NOTSCUBBIOM Uae clsretele seine) soos eM led, a) 5 jctleiiui ey a/atietd sisi al ecopians) eon Mar., Apr., May, Aug., 1936 
Reinforced Concrete Members Under Direct Tension and Bending. D. B. 
EFT COMe ba hG et ROI RY 5S CIR SORA IIMs ACLS Cee tak Hg es oa eure te aur Dec., 1935 
ADINGLIGSIONL Po ctetey esis aie wlels: sel Stove Wiel vo cv sceyewe ale piel ete ete’ aren oieiies in ie'ce Mar., Apr., Aug., 1936 
Progress Report of the Committee of the Irrigation Division on the 
EO MRER VATION Oso Vy AOD c echo ts alets sr mane elise cele ete c UNeral siete moose arog tena ieiieta evanene Dec., 1935 
DISCUSSION wie store heteiata.c. os! vies, erable Ric ems lets, aisicteyg'e shale aPu sie Wsimie oie k rele Apr., May, 1936 
Tall Building Frames Studied by Means of Mechanical Models. Francis P. 
WSCC ANd PE OUTS 2 IT. BONNET... «. «0% alotnpalekieus ioe stexeie een Oly ikea ek en ee Jan., 1936 
MINOT SRI OI ye iocoare: tote eribar rare ate ¢-sic ete ohecskeke Ste are ecaheccteae Lelaene ale sere Apr., Aug., 1936 
Modern Conceptions of the Mechanics of Fluid Turbulence. Hunter Rouse..Jan., 1936 
MIS CUSSIO Tee ot chats etiieta erstale ore ale eieleusterclelere Born «co. BoD & Wocncne Apr., May, Aug., 1936 
Comparison of Sluice-Gate Discharge in Model and Prototype. Fred William 
ES HLES (LOLs ors-0) o: «, ale Wa ouinsl a. 6 ets) Aersielele 0\o a ARMM Slate as Giekiiie eel, eee ate Jan., 1936 
Discussion: .20205 55.6056 RIOR AH OTAHO rat) CPV ELS SON ahs cca te ees May, 1936 


Shag et pouicnery Wire Ropes in Tension and Bending. Douglas M. 
1bCWATE. cee ee . 


Soot ie ios ao OS ORT ome hordae caters ace Feb., 1936 
TDSC CETOIES S SES, veto fe CIOS olan Cin SCLIN Je iO aca Cla aga hE May, Aug., 1936 
Varied Flow in Open Channels of Adverse Slope. Arthur EH. Matzke........ Feb., 1936 
IBUEYMO GIN” ee ori die Glo agi Ck yaarsicu Gig OP SOLA CIO Gigk "oe neler "> ac ay, Aug., 1936 
Progress Report of Committee on Flood Protection Data.................. Feb., 1936 
MDI RGISE LOT) WiarelpretnYan cis fole te atetete! else) shia pieete Palsy sinia}ieunileteionercieters ede ite Leet ae Apr., Aug., 19386 
Progress Report of Committee of the City Planning Division on Equitable 
Zoning and Assessments for City Planning Projects................... Feb., 1936 
MISCHA NIOMARs cuee aise d's\ oie) sie tolensnsnese oimene susdelw ele ain tclclors ee.o lalla) hsiai erect een Aug., 1936 
Progress Report of Committee of Engineering-Economics and Finance Divi- 
sion on Principles to Control Governmental Expenditures for Public 
VOD SIAN Wacol okcasia: scl aambdue 34: Santee 'olSyay arayie ailay oPe- a's ee Sceleite ati into eaters niece Feb., 1936 
PDI SCHSSTOT = deitc: siete tases, cya kde chore: ot HAT ckehencyeveys: Cae, SiaNe ete otehale remeron nore Eire Apr., Aug., 1936 
Surface and Sub- ‘Surface Investigations, Quabbin Dams and Aqueduct; A 
iShoileley Wie Sar, SRaioe tt Oi tolo err Cre As Oreos sar Ae tec onan oooe Gon 2 Mar., 1936 
(OTST ESOS, ate ac SOCk ADO eee OA Umm A en corn. oMoaiymomean Aug., 1936 
Progress Report of the Committee of the Sanitary Engineering Division on 
Wa LEC] y,, HOSINESLINE We vias rel) So tchavs Remiererailc. ole cheia a atenee he mieten Mar., 1936 
Progress Report of Sub-Committee No. 2, Committee on Steel of the Struc- 
tural Division on Structural Alloy and Heat-Treated Steels.............. Mar., 1936 
Progress Report of Sub-Committee No. 31, Committee on Steel of the Struc- 
tural Division on Wind-Bracing for Steel Bulldingss7.% Jtee ee ee Mar., 1936 
Administrative pense of Padersround Water: Physical and Legal Aspects. 
Warold Conkling. ..0 290 os acces pnEhaKe cd 0s Ets shiwneoussdlg) act, nase KrSe caranerete, oe I te Apr. 1936 
IDFA HO (02 Siete Gina. ear A OigttOa 5 COOK the OxtGUiG SoIGR DIE wABS Gin A: oe aird Aug., 1936 


Back-Water and Drop-Down Curves for Uniform Channels. Nagaho Mononobe.May, 1936 


Dynamic Distortions in Structures Subjected to Sudden Barth Shock. Harry 
A SP WALEGING acs gscis:'5 ties: s. sro eel Bie @iehate Ole spolareralol ore MENT Sieh enano he ok ha Rete eta May, 1936 


Notn.—The closing dates herein published, are final except when names of 


Discussion 1 
closes 


Closee 


Aug., 193% 


Aug., 193: 
Aug., 198% 
Aug., 192 
Sept., 19%) 


Sept., 195% 
Sept., 190) 


Sept., 19%) 


Uncertain 


Oct., 199 


Oct., . 1a 
Oct., 193) 


Oct., 133 


Oct., 193 


Uncert 
Uneerta 
Uncertth 
Uncerfl 


Oct., 199 
Noyv., 19) 
+ 


prospective 
cussers are registered for special extension of time. vi i 


eS Se EE eT ee 


VOL. 62 PROCEEDINGS No. 6 
CONTENTS FOR AUGUST, 1936 
PAPERS 
PAGE 
Analysis of Vierendeel Trusses. 
ByEDand. Vounge Assocs Mi CAM. S06 Odie -ccccictons ec ees veh ees eee 833 
Simultaneous Equations in Mechanics Solved by Iteration. 
PSU ELS CW OLDE EGG ae a oievetessretateteaierese oe avetorele’ aia 00's cle eceieiy oie Wake sola s 861 


DISCUSSIONS 


Tapered Structural Members: An Analytical Treatment. 
By Messrs. A. W. Fischer, and L. Legens 


Stable Channels in Erodible Material. 
By Messrs. V. V. Tchikoff, and W. M. Griffith 


Lateral Pile-Loading Tests. 


Bi Messrs, Lazarus, White, and-Y. L. Changst...... 2. 0-605 bis eee we 


Wind Stresses in Reinforced Concrete Arches. 
By Messrs. Fang-Yin Tsai, and Paul Andersen 


Successive Elimination of Unknowns in the Slope Deflection Method. 
UE AVG VEC AIT SOC Cotte cy tellers fol tatarouelitiete sfoiniite ees en «oars alee 


Reinforced Concrete Members Under Direct Tension and Bending. 


Bilitessrs An Floris, ands Dard Be Hall Wile srs occ ci0ls 6 ees ois sow s2 ots 


Tall Building Frames Studied by Means of Mechanical Models. 


By Fang-Yin Tsai, Assoc. M. Am. Soc. C. Be... cece ccc eee e cece 


Modern Conceptions of the Mechanics of Fluid Turbulence. 


Bysoe Wa vonnson, Jun. Am. SOC C. Te ii... cae oie s peeuree ants s bona 


Behavior of Stationary Wire Ropes in Tension and Bending. 


By Ingvald FE. Madsen, Jun. Am. Soc. C. BH. ...2.2. cee cece cet eens 


eee e eee eres eres eee eee eres esece 


910 


945 


CONTENTS FOR AUGUST, 1936 (Continued ) 


PAGE 
Varied Flow in Open Channels of Adverse Slope. 
By Messrs. J. C. Stevens, F. T'. Mavis, and Hunter Rouse and Merit P. White.... 950 
Surface and Sub-Surface Investigations, Quabbin Dams and Aqueduct: A Symposium. 
By Messrs. Bayard F. Snow, and Ole Singstad.......... 000.20 e ener e ees 961 
Administrative Control of Underground Waters: Physical and Legal Aspects. 
By Messrs. Joseph Jacobs, and W. D. Faucette and J. E. Willowghby............ 965 
Progress Report of the Committee on Flood-Protection Data. 
Bi wher ews; Mu AMs COCs Cs, Li cctre ahathie deereee od tie ark oe eee 970 
Progress Report of Committee of City Planning Division on Equitable Zoning and 
Assessments for City Planning Projects. 
'‘ByiGeorge H. Herrold; Mii Am. Sot: Cs Bich srtets ein ooh ns vite on as oe ee 973 
First Progress Report of Committee of Engineering-Economics and Finance Division 
on Principles to Control Governmental Expenditures for Public Works. 
By Messrs. Ivan C. Crawford, and Samuel B, Folk... . 0.60. c ccc ce cece eee 981 


For Index to all Papers, the discussion of which is current in PROCEEDINGS, 


See page 2 


The Society is not responsible for any statement made or opinion expressed 


im tts publications 


| 


ooo en 


‘ 


: 


—E=E=EE——ee—eeeee—eeee—— 
Pere relGAN SOCIB TY OF- CIVIL ENGINEERS 
Founded November 5, 1852 


Pe Dae S 
es SE ES eee 


ANALYSIS OF VIERENDEEL ‘TRUSSES 
By DANA YOUNG,* Assoc. M. Am. Soc. C. E. 


SYNOPSIS 


A Vierendeel or quadrangular truss is a hyperstatic frame composed of a 
series of rectangular or trapezoidal panels without diagonal members. ‘The 
end connections of all members are rigid and designed to take moment. 

Although it is possible to analyze such trusses by any of the so-called 
“exact” methods, the labor involved is prohibitive in all except the simplest 
cases. The purpose of this paper is to present a practical and accurate method 
of determining the stresses in the Vierendeel type of trusses. This method is 
based upon the theory of virtual work and involves a re-arrangement of the 
standard equations to produce a workable solution. 

The interesting questions of design, economics, and field of usefulness 
of such trusses are not considered, the scope of this paper being limited to 


stress analysis. 


HisToRICAL 


Vierendeel trusses have been used for bridges in Europe, chiefly in Bel- 
gium, since 1896. The first bridge of this type was built at Tervueren, 
Belgium, by Professor Arthur Vierendeel of the University of Louvain. Pro- 
_ fessor Virendeel is the originator of this form of truss and has been its main 
sponsor. To date (1936), approximately one hundred bridges of this type 
have been built. The longest has a span of 274 ft and carries a double-track 
railway. Both steel and reinforced concrete have been used and, since 1932, 
several arc-welded steel trusses of this type have been built, including the 
trusses for a swing bridge.” 

In addition, various other structures using this system have been con- 
structed. Eight wireless towers, each 960 ft high and only 13 ft square in 
plan, with bracing of the Vierendeel type, have been built in Belgium. 
Towers for elevated water tanks have been similarly braced. 

Norn.—Discussion on this paper will be closed in October, 1936, Proceedings. 

1 Asst. Prof. of Eng., Connecticut State Coll., Storrs, Conn. 


2 “Vierendeel Truss Bridges Popular in fa tea by L. C. Rucquoi, M. Am. Soe. C. E., 
Engineering News-Record, July 25, 1935, p. 
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In the United States, Vierendeel trusses have not been used for bridges, but 
a number of other structures have been built with this system of bracing. 
The towers of the old Kinzua Viaduct of the Erie Railroad Company were 
of that form.’ Various reinforced concrete viaduct bents have been built 
utilizing this construction. The towers of the Waldo-Hancock Suspension 
Bridge in Maine are braced transversely as Vierendeel trusses.* A modified 
form of Vierendeel truss was used for the foundation of the Telephone 
Building’, at Albany, N. Y. 


Intropuction To Stress ANALYSIS 


In the general type of Vierendeel truss, with n panels and (m + 1) web 
members, there are 3 (n + 1) unknowns. It is necessary to obtain an equal 
number of equations to solve the problem. The equations of statics furnish 
three relations and the remainder are found from the elastic properties of the 
truss. 

Any of the standard methods of elastic analysis may be used. In books on 
structural theory methods of solution will be found for a few limited cases, 
using the principles of least work®, virtual work’, slope deflection’, and moment 
distribution. However, in all except the simplest cases, the application of 
these methods is laborious. 

The aim of the writer is to describe a method of analysis which is less 
laborious to apply. It is based upon the principles of virtual work and con- 
sists in re-arranging the fundamental equations, and the order of their 
solution. For trusses with chords that are symmetrical about a longitudinal 
axis (such as parallel chord trusses and viaduct bents), the solution is exact; 
that is, it involves no assumptions except those that are inherent in the elas- 
tic theory. For other trusses it is necessary to make use of certain simpli- 
fying assumptions. In most cases the relative error thus introduced is 
negligible. 

The first part of the analysis follows, in general outline, the method 
developed by Professor Vierendeel.° However, in order to obtain greater 
accuracy, this analysis does not involve all the simplifying assumptions that 
Professor Vierendeel uses. As a result, the detailed treatment and final 
formulas are different. 


*“The Kinzua Viaduct of the Brie Railroad Company”, b i 
Soe. C. B., Transactions, Am. Soc. C. E., Vol. XLVI (1901). pp. 3 G7 Sen a 


*“Building First Long Span Bridge in Maine’, by D, B. Steinman, M. Am. Soc. C. EB 


one sé H. Gronquist, Assoc. M. Am. Soc. C. E., Engineering News-Record, March 17, 1932, 


5“Moundation for Albany Telepho Building” i i 
Record, November 27, 1930, s 836. Be EOE i BY GN GUC, tn 


6 “Wlastic Energy Theory”, b apAL i 
Sons, Now York, a $1 oT y J Van den Broek, M. Am. Soc. C. E., John Wiley & 


™“Modern Framed Structures’, Pt. II, b 
Turneaure, John Wiley & Sons, New York, 1926. 3. Johnson, CW. Bivens eaten ea 


®“Continuous Frames of Reinforced Concrete’, by Hard Cc 
Members, Am. Soc. C. B., John Wiley & S York, pp. 286-08: ake dee oe 
and Concise Method of Analyzing Rigid Viaduct Bence? 04 ae: also pee, “A apie 
Soc. C. E., Engineering News-Record, March 14, 1935, Dp. 379 


*“Cours de Stabilité des Construction’, Tome IV, b i 
eee and succeeding editions. This text contains Motor hi ae Snel 
me “i oot pe pen pone eo the subject. The references in the bibliography 
Bee ey ats p cations, few of which are available to engineers in the 


om ow 


y L. C. Maugh, Assoc. M, Am. — 
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Notation—The letter symbols in this paper are introduced in the text as 
they occur and are summarized for reference in Appendix I. An effort has 
been made to conform essentially with “Symbols for Mechanics, Structural 
Engineering and Testing Materials’”, compiled by a committee of the 
American Standards Association, with Society representation, and approved 
by the Association in 1932. 


ANALYSIS OF TRUSSES witH SYMMETRICAL CHORDS 


By a truss with symmetrical chords is meant one in which the chords are 
symmetrical about a longitudinal axis, with the corresponding chord mem- 
bers having equal moments of inertia. This class includes parallel-chord 
trusses and viaduct bents with inclined posts. 

For the present, deformations due to axial stress will be neglected. Subse- 
quently, the analysis will be extended to include this effect. Fig. 1 represents 


a general form of such a truss. From the symmetry of the truss, it is seen 
that the bending moments and shears in the upper and lower chords will be 
equal. It also follows that the point of contraflexure of each vertical mem- 
ber will be at its mid-height. 

Consider a typical panel, ab, removed from the truss and cut into two 
parts by a horizontal plane through the centers of the vertical members. 
Let Az = horizontal deflection; Z; = the length of an inclined chord member; 
Hw» = transverse shear in a web member; Hay = horizontal component of axial 


Hah 
= <— ab 
= ot Hie io 
oe s s 
q a Vab |My 
nics aw owt N : + 
A BY Lie Has 
Jaw =— L—>1 Vow 
(a) (b) (c) 


stress in Chord Member a-b; Da = depth of truss at Panel Point a, ete.; 
Va» = vertical shear in the upper chord between Panel Points a and b, 
ete.; M’rc = bending moment at Point b in the lower chord member, b-c 


70 A. S. A.—Z10a—1932, 
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(that is, the member extending between Panel Points b and os ete. The forces 
acting on the upper part are shown in Fig. 2(a). For this section the hori- 
zontal displacement of Point B with respect to Point A is: 


0.5D, Lj; D : 
J IN Mat f tne vt ty + fl [ tse (Bt — v) ~ Mi 
1h I, oO Ic oO 2 


D 1 0.5D, 
OV et and et Ted | (2: 2 v) Abie +f Hey ay ee 
a oO 


The values of the first and third integrals of Equation (1) are: 


| 


5D, 0.5 D, 
fo Huet oy = Beat | * iy How" Doli 65 Seeateaeme (2a) 
Oo 3 ey 24 
and, 
0.5D¢ 0.5D¢ : 
hk — Hay y? dy = fest | = | Hao Dey ae (2b) 
oO 3 oO 24 


The forces acting on the upper chord are shown in Fig. 2(b). Comparing 
these forces with the forces in Fig. 2(a), it is obvious that: 


Has — Hoe _ 1aBy DRT Meee est fs ens 
Viana Vito HE Agb wh at doles onnie ae ee ae D 

and, 
Mine Hees  Meoso.s ci. vik Ae 
Substitute Equations (8) in the second integral of Equation (1) and perform 
the integration. In the resulting expression substitute d = 4 We — Da) 


a 
and Ha = = Hv, and this integral finally becomes: 
1 


I; ; , 
dp (M'sa — Vien 2 + Hop ¥) (2: 2s v) dL, = ra (Dy + Dy) 
oO 


irae L — 
51 5 (DD 2D, pata 1D D — 2 ae 
ab i (Dy + ) + sik » + D, Dag — 2 D,*) > Hy .. .(4) 


The integral values in Equations (2a), (2b), and (4) substituted in Equa- 
tion (1), give Equation (5) directly, as follows: ~ 


Dy? How De® How | Ly M’ L,L V' 
oa A iat tO” a ltew pat Medd OE D,) — ab 
4 24 Z, 24 a =f 4 ie ( a ae ») 12 72 (Dp + 2 D,) 
L, : 
D,’ D D,-—2 D7 1.49) 6 ss earn 
he 2 Io | 0 + D, a) > Hy cooky 
af 


From symmetry, it is seen that A, = 0. Now, consider that part of the 
entire truss which is to the left of Panel Point b, as shown in Fig. 2(e). 


| 


e 
i 
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Taking moments about Panel Point b: 


My — Ma — Mca — Has Dy = 0...............€6) 


a 
and, since M’rq = M’rq and Ha, = = Hw, Equation (6) becomes: 
1 


} a 
ipeeeOS MOLI DN sagt oo Aaebiesy)f ec a 
2 2 


It is obvious that: 


VW as + Vian => 2 Veen = Wigtis cle abete lent erases OTRO) 


Substituting these values for M’bq and V’a in Equation (5) and collecting 
terms: 


Ds, H D3, H L,M Liby, 
T Ae = ee OL EOW Se aay Se (Die D Bea eth iad D, + 2 Dg) 
24 Tp Sp ae Te ( ik oo ie oe. 
7 D? + D Dg + D*, Say bi, ae se CD) 
a b b ) 


Solving for How: 
10 el als Dea ts Be 


ta ee Math 
in = D*, + D, Da + D, SH Dat D 
: D%, Ig D*, Di y D*, Io ( ) 
4 I, ab D 
LiL Ty Van PPD) ier we Re es Won ae ete 
= D, Io (Dy ) ( ) 


For parallel chords and constant J, Equation (10) reduces to: 


6L 3 
D? 


a 
L 
Hoe = Haw + 6 = >) Hw — 
2 1 
Equation (10) is the general equation for trusses with symmetrical chords. 
All the coefficients involved are constants which depend only on the dimensions 
of the truss. Hence, Equation (10) is really of the simple form: 


Enns = G ies -- (CESS Vale + GE. My vt (He Vat sura hier acl a) 
il 


and since M, and Va are constants which depend on the external loads, 


_ Equation (12) may be expressed in the simpler form: 


alien a} GH, are +- CG SH -/- OFA ie ae eran CLO) 
1 


An expression of the form of Equation (13) may be written for each 
panel in the truss. Then, by successive substitutions, each value of Hw may 
be expressed in terms of the shear, H1w, for the first vertical. Since the sum 
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of all the Hw-values is equal to zero, it is a simple matter to solve for the © 


value of Hi» and thence for the other values of Hw. The following two 
examples illustrate this method of solution. 

Example 1.—Parallel Chord Truss.—Consider a four-panel, parallel chord — 
truss with a height of 10 ft and a span of 40 ft, carrying 1000 lb at each panel 
point, as shown in Fig. 3. The moment of inertia of all members is assumed 


7 @ se i ? 


2 2 a 2 ra) 
: st s| st : 
a a wea 4 Panels @ 10'=40' 

Fig. 3. 


to be the same. Substituting numerical values for this particular case in 
Equation (11): 


a 
Ao = Hay + 6S Hy — 0.6 Me “93 Vabeew osama 
1 


It should be noted that Equation (14) remains the same for any loading, 
since the coefficients depend only on the truss dimensions. The values for 
My, and Va for this particular loading are, respectively: M., = 15000 
ft-lb; M, = 20000 ft-lb; Vis = 1500 lb; and V.; = 500 lb. Substituting these 
values in Equation (14): 


Hip = His 
Hyg = Hu +6 Huo — 9.000‘ 4500 = 7 Hy = 4 500) eGR 

and, 
Hew, = Hyo + 64H, ++ Hoi) =. 18.000 + 2500. eee (15c) 


Substituting Equation (15b) in Equation (15c): 
El ae — 55 ele a 42 000..... »ordle bs slate 8 Oto LGD) 


From the symmetry of the loading in this particular case, it is obvious that 
Hsw = 0; hence: 


lily eb) bey: — 42 000 = Ore... swans oe ee 


Solving for Hiw: Huw = =~ = 1763.6 lb, and, thence, Haw = 7 (763.6) 
— 4500 = 845 lb. 


‘, 


ed 


siesta en ttn 
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Example 2.—Viaduct Bent—As a second example, a bent of the Kinzua 
Viaduct will be studied. This particular structure has been analyzed by 
Mr. OC. R. Grimm’, using the method of least 
work, and by Messrs Johnson, Bryan, and -Tur- go 500 eee 
neaure”, using the general method of virtual ; 
work. Their solutions afford a check on the 
method presented herein. 

Fig. 4 shows the dimensions of the bent and 
the lateral loads to be considered. The bases 
of the posts are assumed to be fixed. This is 
equivalent to assuming that the shear, Hew, in 
the bottom strut is zero. Equation (10) applies 
in this problem. Evaluating the coefficients in 
this equation by substituting the numerical values 
of the truss dimensions, the following series of 
equations is obtained from Equation (10): 


6000 Ib 
—_ 


liking = lab RN eee ene nies aie eke (LOG) 6000)1D) 

Fy = 0.00557 ans + Oeil aw 
= ca 0.1810 M. + 2.50 Vio. ce ee ee (18b) 

JEleveg = 0.358 JE loos + 8.30 Cie + fBleaa) ‘ 
Gam 0.264 M; + 7.26 Were Se Ordeckoao (18¢) Fic. 4. 


Ve = 0.565 Hsw + 13.02 (Hiw + How + Haw) — 0.252 M, + 7.29 Vu. . (18d) 


e000 5 gp 12:52 (Hing Baw Bw + Hew) 


aE ORL TAB eit sul Aare fertole sexes tras exe avelete revere ste! « (18e) 
and, < 
Hea = 0 = 1.043 Hew + 21.0 (Hin + How + Haw + Hew + Hew) 

= 1G.22% Man dao6.80 LV pote she ices soeaee ve (18f) 


Equations (18) are true for any loading. For the loading in Example 2, 
M, and Va» have the following values: M, = 835000 ft-lb; -M. = 2798 000; 
M. = 5128000; M; = 7830000; M, = 10825000; Vi. = 26800 Ib; 
Ve, = 31600; Vu = 37600; V,; = 48600; and Vs, = 49600. Substituting 
these numerical values in Equations (18): 


1 =e alr adiiana) onlotehetis e] eyeltsie w viuevelis (sisi Je) @ ietrre. O14) a) 10 ’a (4) 4.0: 6 ee eJelee, # 6/0) arevee.e)s ie pein 98) .. (19a) 
JERS — 0.00557 Aw aE Deere JEbas a EVUS Oke cece Bec oldie teers ON aes ok ere Bagley 
jaleon sy 0.358 ele + 8.30 (Cabins + How) — 509 000. OA pelle a calueljetie we aHe ye) ip tame ehis (19¢) 


a ee ss 
11‘‘Modern Framed Structures”, Pt. II, by J. B. Johnson, C. W. Bryan, and F. H. 
Turneaure, John Wiley & Sons, New York, 1926, pp. 353-354. 


a 
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ii. = 0.565 How an, 13.02 Cap + likes +- Hw) _ 1 018 000. Paya rec) . (19d) 


Hew = 0.585 Hu + 12.52 (Haw + Hew + How + Haw) — 1142000... .(19¢) 


; 


0 = 0.0497 Hew + 1.00 (Haw + How + How + Haw + Hew) — 101300... 19f) & 


To this point, slide-rule calculations have been used; but now the compu- 
tations must be carried to more places. This is not false accuracy. ; It is an 
arithmetical procedure which is necessary because of the subtractions that 
occur in solving the equations. 

By successive substitutions, each Hy» may be expressed in terms of Hw; 
thus: 


J 5 ey = Jaks wc pei ate ee PR RN sea A Oe SCE aC 
eke. = oN%6 dakyy, =e SATO ee. ee eee a 
Hao = 32.38348Ie Hay — 1287 188... 05. a ee cel Bee 
Hop = 4884292) Hire = 18919 500) AV ar). nee 
Hew = 6 843.200 Haw — 265 245 500.............. (208) 
- and, 
0 = 7.707.8473. Haw — 298°770300.....%.. omen eQnopD 


Solving Equation (20f) to determine Hi: 
_ 298.770 300 
7707 .847 
of Hi» in Equations (20a) to (20e) supplies the remaining values of Hw, 
thus: Hew = 23 500 lb; Hsw = 16200; Huw = 12900; and, Hsw = 9 400. 
The corresponding values, as found by Johnson, Bryan, and Turneaure, 
are: Hy = 38900; How = 23400; Haw = 163800; Hiw = 12 400; and 
Hsw = 9900. It is seen that these values are in close agreement with those 


computed by the writer. The differences are due to the slide-rule calculations 
of the coefficients in this Example. 


10 


= 38 761.83. Substituting this value 


ANALYSIS OF TRUSSES witH INcLINED Upper CHorps 


Trusses with inclined upper chords and horizontal lower chords are gen- 
erally the most desirable type for bridges. The exact analysis of this form 
is more complicated than the case of the symmetrical chords. However, by 
making a few reasonable assumptions a satisfactory solution may be obtained. 
Fig. 5(a) represents a Vierendeel truss with an inclined upper chord. Con- 
sider a typical panel, a—b, removed from the truss and cut into two parts by 


sections through the ‘top of each vertical. The forces acting on each part are 
shown in Fig. 5(b) and Fig. 5(c). 


ee ae 
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—_> 
—_—— 
oo 
<——_ 
= 
<—— 
—— 
<——_ 
_—_—_ 


(0) 
Wia. 5. 


Considering the lower part, as shown in Fig. 5(b), the horizontal displace- 
ment of Point D with respect to Point CO is: 


E A", = E 8 (Dy — Da) + { ds = E 0¢ (Dy — Dy) 


Dy L 
+ +f (Mio Aw y) Y dy =f af Ee ap AY Mees se (V'"'n6 + P, 
Ty o u C/o 


1 Dg ‘ 
= Gp) t — How D, | Dy ds + 1 ff E iD.) Mae (Dy — 1) dy. .(21) 
_taJ/o 
The value of the first integral in Equation (21) is: 


Ds 2 3 
f (Mow — How ¥) v dy = Moy? — Hyg TP +--+ (2) 
to) 


From statics, it is evident that (see Fig. 5(b) and Fig. 6(b)): 


ME ghee LET pips Diop tial tue tee AM Cveennat om le eee eo) 


and, 
Vier = Vine + Py =) Giwacuwhn dee tan wero eo0) 
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Making these substitutions in the second integral of Equation (21) and 
integrating: 


L 2 
i (Vay © — M"%yq) Dy dt = Ven DE "Ma Dil (24) 
Li vil Mis 
tae po 
{Has Cc 


Fia. 6. 
The value of the third integral is: 


De 2 
i [How (Da— y) — Maul (Dp — 9) dy = How as (3 Dj — Da) 
oO 


Equations (22), (24), and (25), substituted in Equation (21) give: 


Ds D* [? D D,L 
E A", = E 6¢ (Dy — Dg) — — How + — Mow + 2 WV" ie 
2 c (Do a) 31, ee i eis Io ab To ba 


D*, 
: 6 I 


a a 


(8 Dp — Da) Haw — =72- (2 Dy ~ De) Me 
The forces acting on the upper chord, as shown in Fig. 5(c), may be replaced 


by the equivalent system shown in Fig. 6(a). Then, for the upper chord, the 
horizontal displacement of Point D with respect to Point C is: 


Ba's=BOe(Dy—D) + f MY de = BO (Dy— Dy 


Ey a ; 
+2 f (Via & — Hyy — M',.) yd, elevele or svereoleke tere (27) 
I'¢ ° 
From the geometry of the truss: 
L 
Die 7 Y Fase od Sal stele: tha kee ee ae 
and, 
dle =< dy. noses ttt 


Substituting Equations (28) in the integral of Equation (27 ), changing 
the limits of integration, and integrating: 


a 


3 


Ly 
yn (Vat — Hay — Mis) ydly = Vogt Ed pt yr, 44 (a9) 
° 2; 


1 
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a 

Substituting d = Dy — Dag and Ha» = = Hw, Equation (29) becomes: 
1 


Li, 


Van (D, — D,) — > He 2 (Dy — D,)* — Mra - (Dp — Dz) . (80) 
: 


Equation (80) substituted in a (27) gives: 


E A’, = E 6 (Dy — Dz) +e 7 Do Dy. at (Dy — Dy) M'rg 
(04 
D,)? > PRAGUE ce Shee. Aug Ca (31) 
1 
Equating Equations (26) and (81): 
D3 DY 108 D 
a £(38D,— D,) He + — Mo-— — (22D;— D M, 
3 i bv 61, b a. a 21, bw 21, ( b BS) i) 
2 
8 Vay — LO (Dp — Da) V'ap — 2% M''yg + * (Dy — D,) M’r 
21% é Ts 


ise a 
ee D 2 
ara T'c a) > TR Re a (32) 


1 
Referring to Fig. 5(b), and Fig. 6(b) (which show the forces acting on the 
lower chord), the vertical deflection of Point D with respect to Point C is: 


E A", = — E6¢L+ af (M"'5qg — V' gp 2) x dx 


+3f- MV eipsred Eb eet) WLI AG yew ovkparrers a dhele 2 a/s.arey (33) 
Integrating Equation (83): 
ie: ney LD LD 
Ba", =— FE 0¢L + — Mg — — Va + $M aw — PH Een (oe) 
y Cc 9 Io ba 31"c ab i aw 2 rs aw ( 


Referring to Fig. 6(a), the vertical deflection of Point D with respect to 
Point C is: 


De 
Bal, =— EOL +2 f Meath seers Esa eabgts On) 
c/o 
Integrating Equation (35): 
2 
EB Aly = — BGeLh + Le = Warne aie (o— Ba Hep «(88) 
2I'c 3T'o 
Equating Equations (34) and (36): 
3 2 2 
a> Des es a ED: Maw — ae Ae a L hs Vat oe a 
Dg iy be | I DN 
lage BL ip ap S Pot, cone oe (37) 
2T'¢ ST's 


7 
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“— 


Referring to Fig. 5(b), the angular displacement of Point D with respect 


to Point C is: 


D, L >: } 
Hah Os— Mas = aA (Me y) dy + +f (WV gp & — M''rq) dx 
if Ih ° I C. ° 


Dg 7 
re - yi (Hivyl MO). days sas see oe (38) 


Integrating Equation (88): 
D D*, ely wt L aA D2, ie REN Dy M 39 
EA. 0=—M H ey ——WM Hf — Marte 
Tp bw ~ 2 I, bw 2 Ic ab Ie ba 21, w I a 


Referring to Fig. 6(a), the angular displacement of Point D with respect 
to Point C is: 


; ATR ey Sd ty Bias ee Bike a 
EA jo wee ae es (V at —Hwy Me a) ee ) 
Cc o 


Integrating Equation (40): 


a 


| ee Vi, — Dian) Ha eee Miva ee (41) 
2 I'o 2 I'o I'¢ 
Equating Equations (39) and (41): 
4 E 9 
0 — D's bw + D's Haw + ELAS aos ws Maw + ut Vw oo ‘a 
2 i, 21, Ty a ‘'¢ . 
is L L . 
ce M''sq a 1M’ 5 L B ) 2 HGR. ae 42) 
To Tc b 21'c a w ( 


Equations (32), (37), and (42) are the fundamental expressions for a 
typical panel. A set of these formulas could be written for each panel and 
the series solved simultaneously to find the unknowns. Such a procedure, 
although possible, would be too laborious for practical use. 
transforming these fundamental equations 
workable solution may be obtained. 


Solution for the Hw-Values.—First, the terms involving Maw and Mow 
may be eliminated from Equations (32), ), and (42). 


, as described subsequently, a 


This can be accom- 


plished by multiplying Equation (37) by (Da — Ds); thus: 


2 


g=—(Be_ Pas) How eu (2: — Da Pe) Mas (Ui'Ds IPF D\V'G 
4 BL he 2 2 i 6 


6 ye 
(PER — Has) Pn 5 (EDs LD) Mite _(IsPs_luDs) Mh 
6 oe 4 f° J 5E" 4 Pe se 
aver (Dy — Da) (Da — Dy) oS He os. A (43) 


1 a eeetieaamenteal 


However, by 


Tae 
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Multiplying Equation (42) by Dy 
2 


Q=— ue. yw Ss Dy. D's Hig iE pet Mey — Da Dy Mon = igs ALES 
41, a 21, 2k 416 
Vy SM + 2 a7 + 24 (D, — D, aN 

4 I'g es l'o 


Subtracting the sum of Equation is and (44) from Equation * (82) gives 
Iquation (45), as follows: 


| D D EL 
ee ys Be (Det 2D) Vy © (Dy +2Dz)V'a 
Oro ier: ae om * iar, | PEE geile 

c 

Bee PA a Da DM, 

Ge (Dy ) orn b ) ie 
BMD ep HEL ey. 45 
a ») > (45) 


Equation (45) may be simplified by substituting various statical relations. 
For equilibrium of the upper chord (see Fig. 6(a)), it is seen that: 


Wop DL Cea Hap ad = M’ ap + IM pate the cae cee tai LOO) 


For equilibrium of the lower chord (see Fig. 6(b)), it is seen that: 


Vi aaG L= Ma + EVES at ela; cislsee torre okaihe cea CACO) 


Let oe = a and note that Ha = z Hw; then, dividing Equa- 
ae qe MM" vq 


tion Ae by Equation (46)): 
d a 
Vaan 9 ae + a Sy xe Es HOPMAN ti soe Se LO 
1 


Substituting Ven = Va — Va» and Van = Van — V'ap in Equation (47): 


Hy 
Vea a Vay Ae as DK tcc rer TL (48a) 
Wee ie Ie 
and, 
d H,, 
ape a Di- 2 Seen mei ee esha CEO UD) 
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Now, consider that part of the truss to the left of Panel Point b, as shown in 
Fig. 7. For equilibrium it is obvious that: 


Mio Wn = Whe =: Has Db. = 0:8. 2S eee (49) 


i ee ek i I 


sot ele ms 
Pade wus | 
Vol Mi ek eS 
Go| iia BER St 
f | | Has f 600 $1000 f 400 tb 
ae 5 Panels @ 10’= Sie eel 
Fic. 7. Fie. 8: 


et M've — = B and note that Ha = 2 Hw; then, solving Equation (49), first — 
Mra 


for M’pq and then for Mra: 


M', = 2M : . (60a) 
1-6 1+. 
and, : \ 
om 
Mi Ss a (506) 
ie I ot 


For reference purposes, designate the seven terms in Equation (45) by the 


letters, a to g, in order, from left to right. Substituting Equation (48b) in 
Term (c) gives: 


'§ 


(Dot 2D.) V"y = E+ 2D) y, : 
121"o 19.7 tee : 
L (Dy + 2 Dg) (Dy — Dg) 
Oa) A ey He. oe 51 
12d (ie -Eey > “f Sor : 
Substituting Equation (48a) in Term (d), gives: 
L LI, (Dy + 2 Dg) V'o = aL Ly (Dy + 2 Dg) 3 
(oie TT Seas) “i 
a 
L; (Dich D2) (De 
be (Dyet2 Dad) (Dy DN) (51d) 


12 Io (1 + 2) 


pam ase 
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Substituting ae (506) in Term (e) gives: 


2 ied (Dy + Da) Mr = — Ht Pe) ay 
we oui @l + B) 


L Dy (Dy + Da) 


; Pear Ie see eee (51e) 
41% cl + 8) 
Substituting ae (50a) in Term (f) gives: 
’ (Dy + D,) M'my = — BE (Po t+ Da) yy 
cad ae 4I’¢ (1 + B) 
BL, Dy (Ds + Da) 
(epics a per ee BA 51 
mens eB) S ae 


From Equations (51c) to (51f), collect the ‘cae containing Va», to form 
Term (h): 

T? (Dy + 2 Da) Veo a LL, (Dy + 2 Da) 

see LE aloe ig ld See Oe Oe ew 

12I"¢ (1 + 2) 12 I'o (1 + a) 


F L,I''c Io | 
LP 0Ds 42D.) Mae je LT , “ 
121"o Thy sta ees ewer zi 


2 
2 RPO ee (se Veale re ie (51h) 
Fs ey 
in which ¢ = ratio of stiffness, top and bottom chords = ae ae 
‘ c 
_ From the same group of terms, collect the ones containing Mp; thus, for 
Term (2): 


DOD 9 BL Ds FDI 


4I"o (1+ 8B) 41'o (1 + B) 
L,I'g ] 
Be DE Do LTe* | ay 
a i Ore euga| : 


1+ 48 
a 1D A ee MES Son bhodadoauc 51 
spe ) (+22) , (51%) 


a 
From the same group of terms, collect the ones containing > Hw, for Term (J): 
1 


a a 
L (Dt, + Dy Dz — 2 D*%) y, 4 (Dr + DDe—2D%) Qi yz 
= Mel CRUE) > ON SSESREp eee) = : 


a 
pee Ds (Dy Dd) H+ PED Pt DdS wy, 


A livor Cs -8)e 4I’o (1 + 8) 


a Ley Det, Tia) bint De (ee Hy.(B1j 
=| 12 1”"g ifs)" 41% Lite > zeal 


om | 
848 ANALYSIS OF VIERENDEEL TRUSS Pap s 


Adding Term (j) to Term (g), Term (k) equals: 
Li (9 DYED Dy) DAYS Be 
A IE 1 
oL 
12 Io 
L (2 D*, — Da Dy — Ds) € +2) 
i | 1a tre ; 


L Dy (Dy + De) (a) Ge 
i 41''g Lote = 


By these transformations, Terms (c) + (d) + (e) + (f) + (g) have been 


reduced to the three terms, (h) + (7) + (k). With these changes, Equa- 
tion (45) becomes: 


‘Term (7) + 


= Term (7) + (2 D*, — Dg Dy, — D*) 


eyes 


Hy 


aes Dia giz [2 De a Ds — Dy (EE BS) 
a ET eee aiutcorrs ( : NM fee 
: a 
1+ 48 L tee) 
; ——_ HH, = ~~ (D, +'D) (2a 
+3 Dy(Do+ Da (T5S*) | > am, Ce p 
L Thine 
Dy 492.) | eee 2 (52) 
Han rag ok ) (tte) D 


Transposing the term containing Hy» and dividing through by its coefficient 
gives: 


aw hes 


Rs ee i Git | 8 Ds(Dy + Dy) Gar | 
D*,” Le : D*, Ie Ue te 


ips, CAs Aiea : 
+ (2 Dy — Dz Ds oy (FY) |S 


q 

A eat (Dye) (it22) M, 
D3 alive 1+ 8 5 
iy eeeee ay ese : 
=) (Dy + 2D) (LESS) yo 53)! 
Tyg Cues) e 


Equation (53) is the fundamental expression for determining the 
Hw-values. No approximations have been made in its derivation, except t 
neglect deflections due to axial stresses. The effect of these deflections is 
considered subsequently. For the case of parallel chords and constant moment — 
of inertia, Equation (53) reduces to Equation (11). It may be used for 
parallel-chord trusses with members having different moments of inertia. : 

After evaluating the coefficients of each term of Equation (53), it reduces 
to the simple form of Equation (13). In this case, however, the coefficient: 
depend not only on the truss dimensions, but also upon a and 8, which are 
ratios of the bending moments in the upper chord to those in the lower chord. 
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In order to evaluate the coefficients it is necessary to assume values for these 
ratios. It can be shown that, in most cases, choosing widely different values 
for these ratios effects the Hw-values only slightly. Hence, by assuming any 
reasonable values for a and 8, a close approximation to the true values of 
Hw is obtained upon solving the equation. 

For the particular case in which the moments of inertia are such that 
Pe Be Te 
L I'o 
solution becomes exact. For values of ¢ close to unity, the factors involving 
a and £ will be nearly equal to unity for any values of these ratios and, 
therefore, in such case, little error is introduced in assuming these ratios. 

The following examples illustrate the method of solution and the effect 
on the H,»-values of assuming different magnitudes for a and f. 

Hzample 3.—Consider a truss with dimensions and loads as shown in 
Fig. 8. For this example assume that the moments of inertia are of such 


= 1, the factors involving a and B reduce to unity and the 


Malvesmtnatelge—1lp.— i Ga —l-g Bb Then, for this case, @ will equal 1, and 
r 
Equation (53) reduces to: 
a 
soe) cee Bi 2 Oe . _3L 
Hye = Ti Haw + (D's + Ds Dy + D¥) > Hy — = (Da + De) Mo 


BL Soh D EUAN isis BS eae oe oe (54) 
dD, 

Apply Equation (54) to each panel in the left half of the truss. Then, after 

evaluating the coefficients, the following series of equations is obtained: 
EB = Ao Mots alo 5 OD Sapo Ol OO. D COO, OMe eO Oe SOR MOLE aR. ae O (55a) 
isa LOD ablapicts 4.01 Lapa ULF 02' My he g:89 Vago cass cee e CODDD 
Haw = 0.512 Hey + 4.88 (Hiw + How) — 0.54 Ms + 2.60 Vos. . (55c) 

and, 

Fy =, 1.00 Hew + 6.00 (Hi + How + Hew) — 0.60 Ms + 8.00 Var. (55d) 


For the loading given: M, = 6000 ft-lb; M, = 12000 ft-lb; M. = 8000 
ft-lb; Vs. = 600 lb; Ves = 600 Ib; and, V4 = — 400 lb. Substituting these 
values in Equations (55) and then expressing each value of Hw in 
terms of Ai: 


15 = lene PPA Etre ORME tate Sta ety ae chet ire WEG Ph AIA ar oe | eC GG) 
AAO Harpe a CAV as ois vie os ee eieueeys wig t)9 86 sels ogpee eve dese same (56D) 
and, 


Huw 1.00 Aww AF 6.00 (Aww os How + Hyw) — 6 000 


== 986.789 Haw — 142799. 00.5 cece ee ne ewes (56d) 
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Now consider the truss reversed in position, as shown in Fig. 9. The 
prime mark, (’’’), will be used to designate terms for this position. Moments 


400 Ib | 1000 Ib { 600 Ib drut Mw 


Fig. 9. Fie. 10. 


and shears for the left half of the truss are: M”’, = 4000 ft-lb; M”’, = 8 000 
ft-lb; V’’» = 400 lb; and V”’, = 400 lb. Substituting these values in 
Equations (55) and then expressing each value of H”’w in terms of H” ‘yw: 


(Se CA eae a He eT ATARI ES eT Ie (57a) 
TER eee = 4,495 J ELGES = 1 560 <Viviiouie: ©, aie le-.6 60 \e)\entuaejeese, © ibis! Bre; 4 6) e" eee) a Leeann eee (576) 
and, 
H” Mie = 0.512 eS, (or + 4.88 (H” Lt + HH? faa) — 3 280 
= 20-19%): FES up AL 692, to pects ae 
Since it is obvious from their identity that Huw = — H” ’sw: 236.789 Hiw 
— 142799 = — 29.117 H” ‘wo + 11 692; and, 
Oo iy = =--8.1393389H ap =O OUD Sane eeee . (58) 


For equilibrium: 
(Bla + Mien + lean + bby; —~ Ge —— ee — WES me nist), 


Substituting for each value of H» in Equation (59), its value in terms of 


4 


Aw: 271.401 Hw — 162676 — 5.495 AH’ ’s + 1560 = 0; 271401 Hi 


— 162676 — 5495 (— 8.13238 Hw + 5305.87) + 1560 = 0; and, 
Hy. = 601.96. Substituting this value for Hi» in Equations (56), (57), 
and (58): Hew = 366 Ib; Haw = — 10 lb; Huy = — 262 lb; Hew = — H”’ ‘op 
=, —285:-lb; and, Hy = — HH”, = "— 411 bb. 


Example 4.—Consider the same truss as in Example 3, but assume that 


Iq = In = I’, = I’c. In this case, in order to evaluate the coefficients, it is 


necessary to assume values for a and 8. To show how slightly these values 
affect the magnitudes of the Hw, it will be assumed thata = B = 2 This 


is a highly improbable value, of course, and is chosen only for purposes of — 


illustration. A more reasonable assumption would give more accurate results, 


ee ee 
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Referring to Equation (53), the factors, == 26 ond Parka , become 


See Toes 
1 + 10.77 x2 1 +102 x2 
pet = 1.051 for the first panel; GRU 1.018 for the second 
1+2 1+ 2 
ek ae 2 
panel; and sac = 1 for the third panel. The coefficients for this 


example will equal those in Example 8 multiplied by these factors, except for 
the Haw-term, which remains the same. Performing this multiplication 
yields the following series of equations: 


Je lere => VE low, SMsNaneM er obeuolel 6 raleie/dotietets Lelstloitelisial ole! elibs) s)\s) a, {e''e/e\-o,jors) -e\.0) fe) euavieme (6/16, /sl-o7 8 yeleue. (60a) 

ean = 0.125 IE bs + 4.59 aie = 0.738 M, + 3.28 Vane ee er (60D) 

lee = 0.512 LB ls + 4.94 (Hiane 4 Hew) — 0.547 M; + 2.63 Wes e066 shes (60c) 
and, 


Huw = 1.00 Haw + 6.00 (Aw + How +Hsw) — 0.600 M. + 3.00 Vu. (60d) 
Substituting the values for the moments and shears and solving as was done 
mmexample 3° 9H, =. 600;"“Ha, = 369: Hap = —10; Haw = —.262; 
Aen = — HB’ ’y = — 287; and, Hay = H”’1mw = — 409. Comparing ‘these 
values with those of Example 8, it is seen that the two assumptions give 
nearly the same results, even though a and £ in this example were chosen 

far greater than their probable value. 


DETERMINATION OF CHorD MoMENTS AND SHEARS 


After the Hw »-values have been determined from Equation (53), the next 
step is to solve for the Mw and qw-values. This is done by transforming the 


fundamental equations, as follows: Multiplying Equation (37) by = and 


adding the result to cleenoke (42), hee 


has dD, Dy Lt Ad Lily y 
Bee D's % Maw + = Mow — —— VV" + —— Vg 
Blaenau. I “tt I, I Tigi 2a ee 
L Tp Pa =e pg SH, (61) 
SS Terran cope. i Bo snake ‘ 


Substituting the statical relations, V’an = Va» — V’av and M’ta = Ms — M’ra 


a 
— D Hw, in Equation (61) and collecting terms: 


> 


Bx. o> 7 How + 7° Mw ss as LEY Sa RG Noa peony @ Wer) ch 2 oe 
DT, Ih Ihe 21"o aT" 
L ;; i, Dy ol D; oA 
Vee aE M'5qg + 1+9)| He) ae Oe 
Tor", ‘ Que at +?) . [# IEG ON EP ( > 82) 


U oF | 
LIBRARY 


ao 
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Fig. 10 shows the forces acting on the upper chord to the left of Panel 
Point b. For equilibrium: 


D' va = > M, = S (qu x) carn S (Hy y) = S Mw 
1 7 1 
MB Oy): Lae oe ie 
in > (V’ L) = (Hw y) 


Equation (63) may be written: 
(a-1) (a-1) 


M'sa = — Maw — pays ase > Ta San 64) 


From the geometry of the truss it is seen that 7 wy = Hw ie — yD. 2 Subs 
stituting this value in Equation (64): 


(a-1) (a-1) 
Mies oe > Marti V ny Le = (V'L) 


e > (APD) > (Hye D) p< <8 cate nee 


Substituting Equation (65) in Equation & and collecting terms: 


D 2D, L ~ 
al) eee —_— 
7 Mw [ 22s i + es @ +0) | Mo moe > Mo 
> ' a L? L 
1 0 Nae 
a ( + ¢) V+ How =t re Bey -b OT". I"o Va» re 21" M. 
a ae po apo ane (1 + 4) > (HiguD)* eee (66) 


For the first panel Be ei (66) reduces to: 


D, 2D, 2D 
7 Me = — {2 see +8) [Me + [2 a H is j 
a Tar" Lown oe By: i Bikes ; 
Substituting the same statical relations in Equation (37) and OT ee 
D 
1 Vo hs Se 
ia (1+¢) Vo | 24 ee cies 049 Sm 


a 


a-1 ¢@ 


a AT) vy’ — are V iS Drow 
cere > ae ab + 2T"s M, 


oe ce” Sy) S (He D) «.. (68). 


a ia 
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For the first panel Equation (68) reduces to: 


D 
(+4) Vn= [? 
ao : oo (1 +4) | ae 
dD’, L; aa De 
0) bli peli ye Oye Ng SHG! —— Viy..... 
ES 6I'c D, + ete as +0) | the + ere Visits. 2469) 


Equations (66), (67), (68), and (69) furnish the necessary relations for 
solving for each value of Mwy and V’. Each value of qw, of course, is - 
determined directly from the V’-values. 

Equations (66) to (69) appear somewhat involved but, after substituting 
‘numerical values for the truss dimensions and for the previously calculated 
Hy-values, they reduce to: 

a-1l 


CP Ming =O M an tC = M, +, S VO Oo 0) 


which corresponds to Equation (66) ; 
(Oe Wks => (Gi Maw + CR Ae Bots tire suis eer COL) 


which corresponds to Equation (67) ; 
a1 


Cy V'aw = Cro Maw + Cu = My + Ci S V" Ct eee (72) 


which corresponds to Equation (68); and, 
(GOR Vas = (Cie Maw + (Game nibs ioe: cals Ot e m4) 


which corresponds to Equation (69). 
The general method of solution is to apply Equations (66) and (68) to 
each panel in turn. This gives a series of expressions which may be solved 
simultaneously to obtain the magnitude of each unknown function. It will 
be noted that the equations for any given panel involve the moments, Mw, 
and shears, V’, for the preceding panels only. Hence, by starting with the 
equations for the end panel and substituting, successively, in the equations 
for the following panels, each My» may be expressed in terms of Miw and the 
entire series is then readily solved. 

This method of solution is best explained by solving an example. Accord- 
ingly, Equations (66) to (69) will be applied to find the values of Mw and V’ 
for the truss used in Example 3. 

Example 5.—For this example, the moments and shears will be computed 
for the truss of Example 3, using the Hw»-values obtained in that example. For 


this case it should be noted that @¢ = 1 and that 2 =i Then, for this 
c 


Cc 
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particular problem, Equations (66) to (69) become: 
For Equation (66): 


a-1l a-l 
, D*, 
Dy My = — 2 Da + L) Mew —L > uae Vi + 5? Bm 
1 
L L LD, : 
2 L* Li Bee H 16, H,, D) . .(74) 
ata Hl oe th Va sae 3 > ot > | 
For Equation (67): 


2 
DuMies o(2.D ee LM (D+ LD) Hegibhs = Hyp .. .(75) 


For Equation (68): . 
a-1 a-1 

LP ? D? LB 
ae Vier gion Mw M,—L Vi—. Sh le 
S V'a = (Da + L) + > > wo nme 

i, a a a 

ei = VD) PY DY: H, —L HD) Se 76 
+ 5 Aas 7 (Dy + ) > w > ( ) (76) 


and, for Equation (69): 


2 2 
2", = (D+ D) Mu [24 (D, +2 D,) + LD] Haw + 2 Vig. (20 


Applying Equations (75) and (77) to the first panel gives: 


8 Maw = — (2 x44 10) Mu ae (“+ x4) (602) + = (366) ; or, 7 
Mea 441 (3a os Mipdk ei PR RO Se 
10? ij 
and, —— Vu = (4 + 10) Baw — [$-PerexH 40x64] (602) 
ee (600) ; or, 
6 
We Ss (NG) Mwy — Ce 


Applying Equations (74) and (76) to the second panel gives: 
10 Mao = — (2 X 8 + 10) Mao — 10 Maw + 10° Vn + 16 (49) 1) 
2 
10? 1 
+ 8 (866) + = (600) — 5 (12 000) — ax (602 + 366) + 10 (602 x 4_ 


+ 366 x 8); or, 


Mow = 2.6 Mew => May + 10 Vas + 59 
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ae s 10 
ni oy 3 D8 er (8 - 10) Mow + 10 Mow Ppt 10° Ves a (366) =. teaere (600) 
2 3 
10 10 
os <4 (12 000) + r (10 + 2 x 8) (602 + 366). — 10 (602 x 4+ 366 x 8); or, 


Ves — 0.54 Mow + 0.3 Maw ae, Ween + 508 eee we ee ee ewe (81) 


Applying Equations (74) and (76) to the third panel gives: 10 Muo 
cee X 10+ 10) Mao — 10 (May + Miw)--+ 10? (Ves + Vu) 


10? 2 
+ = (— 262) + 10° (—10) + > (S400), — 5 (8000) — 19. X10 ‘ego 
2 2 


+ 366 — 10) + 10 (602 x 4 + 366 x 8 — 10 x 10); or, 
Muw = 3 Mow ras Moy — Mane + 10 Won +. 10 Ve <= 6 964, ee (82) 


(10 + 10) Mow + 10 (Mew + Miw) — 10? (Won + V's2) 


and, 10° y-, 
3 
ca (- 10) — ae 400) + . (8 000) + 2 (602 + 366 — 10) (10 + 2 
x 10) — 10 (602 x 4 + 366 x 8 — 10 x 10); or, 
Vx = 0.6 Myo + 0.3 Mow + 0.38Miw — 3 Vos — 8 Von + 1481. .(83) 
Substituting Equations (78) and (79) in Equations (80) and (81): 
WU == sy Mi bo CUA OS eincineie aeon bo oe (84a) 


and, 
Win, Sane = Dayal Bie oy BRIN Or Oeyn aOo Uo ry Goede, 


Substituting Equations (78), (79), and (84), in Equations (83) and (82): 


Mw => 51 090 — 43.45 ER nee EL Pe A eee COOG) 


and, 
Wa = 10.382 Maw as TOGAS Pe Ree acicid cs cea COO) 


By means of these substitutions, all the values of Mw and V’ are expressed 
in terms of Maw. 

Now, consider the truss turned end for end as shown in Fig. 9, and write 
a corresponding series of expressions, beginning with the first panel on the left, 
as before. Functions for the truss in this reversed position will be designated 
by the prime mark (’”). The coefficients for all terms will be the same as 
for the truss in its original position. The only difference in the calculations 
is that the values of Hw, Mv, and Va», of course, must be those for the 
reversed position. Because of this similarity, the detailed calculations are 
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omitted in this case and only the final equations are given. Applying Equa- 
tions (75) and (77) to the first panel, gives: 


Mp = 2990 — 9.25 Mi’ swe ce secs cece ve ve +» (86a) | 
and, 
(Vs) ” = 0:42 WM? “ing — "68.04... 05. ose eee : 


Applying Equations (74) and (76) to the second panel: 
Ww Wy ce 9.8 Mp — Maw + 10. (Vs) ” + 22745 Tae 


and, 
(Vos)? ” = 0.54 M’ “op +08 M’ “sw — 3 (V'm)’” + 245.... .(87b) 


Applying Equations (74) and (76) to the third panel, gives: 


MW’ as — 2— B} MW Ze ys MW ie es MW Laps aie 10 (Oe )e wu =f 10 (Va): ” + 490. (88a) 
and, 
(V3) = 0.6 Mug + 0.38 Ml oy + 0.38 Mp — 3 (V'05)"’ — 3 (V's2)” + 481 . (880) @ 


Substituting Equations (86) in Equations (87): 


M’ ean = 9.05 M’ Moe — 6 180 oc ee eae en ob elele bs eke (89a) 
and, 


(Vay = 90499175 Mae 0 he (89d) 


Substituting Equations (86) and (89) in Equations (88): 


M’”,, = 35680! — 48.45°M’ 7s. ..9 0 (90a) 
and, : 
(V'u)?” = 10.82 Mo — 8258..........++00+- (908) 

It is obvious that Msw = — M’ "sw and that Miw = — M’ "sw. Equating the 


values for these functions as given in Equations (84), (85), (89a), and (90a): : 


9.05 Miw — 10960 = — 85680 + 48.45 M’"ww........- (91a) 
and, 


51090 — 48.45 Miyw = — 9.05 M’ "yw + 6 190...2.. 2.0 Uae : 
Solving Equations (91a) and (91b) the following values are obtained: : 


Maw = 1206; and, M’ 1» = 820. The remaining moments and shears may now 
be found by substituting these values in Equations (78), (79), (84), (85), (86), { 


and (89). This gives the following results: Moy = 1460; Men = — 50; 7 
Muy ==> Theres => > 1 290; Msw = = Maa = 1150; Ve = 420; 

‘nm = 899; Vy, = — 208; VW, = = (Vy) = = 265; and, a 
== (Ving) =| — 981. 
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“The qw-values are determined directly from the V’-values, giving: 
Quo = — 420; daw = 213 daw = 604; quw = 60; dow = 16; and qaw = — 281. 

This completes the analysis of the truss. With the values of Hw, M 1 
“and V’ known, the stresses at all points in the truss may be calculated. 


SpectaL APPROXIMATIONS 


Only general methods of solution have been illustrated in Examples 1 to 5. 

There are various places where short-cut methods of computation or, in 
special cases, further simplifications may be applied. Furthermore, the 
general equations may be solved by successive approximations. 

For example, the values of Hw» may be obtained by successive approxima- 
tions, as follows: Equations (10) and (53) are of the form shown in 
Equation (13). Assume the location of the points of contraflexure in Panel be. 
and calculate the value of Hic. Then, substituting the relation, How = Hoc 


a a-1 

— = Hy», into Equation (18) an expression of the form, Hay = C0’ S Hw 
1 1 

+ 0”, is obtained. Starting with an end panel, an equation of this form 


may be set up and solved for each panel in turn, since "S Hw is known from 
1 

the preceding calculations. The operations may then be repeated using for 

Hy the results of the first approximation. Similarly, Equations (66) and (68) 

may be solved by successive approximations by assuming a value for Mopw. 

A good assumption for a first approximation is Myw = 4 D» How. 

Professor Vierendeel uses an approximate method for calculating the chord 
moments and shears” which is very rapid. Equations (48) and (50) are 
expressions for these functions. After determining the values of the 
Hy-values from Equation (53), the only unknowns in these expressions are 

a and ~. By assuming values for these ratios, the desired moments and 
shears may be HB quickly. Professor Vierendeel uses the assumption 
c L 
i", ip. 
fies the work in comparison with the method used in Example 5. Experience 
in analyzing many trusses has shown that this approximation gives results 
which are sufficiently accurate for most designs. The only serious errors that 
occur as a result of using this method are in the values for the moments 
and shears in one or two panels at the ends of some trusses. For such 
cases a close approximation may be secured by combining the general method 
presented in this paper with Vierendeel’s method; that is, use the former to 
obtain the moments and shears in the first two panels and the latter for 
‘the remainder of the truss. 


It is obvious that this assumption greatly simpli- 


tee 


Erreot or AxtAL Stress 


The effect of deformation due to axial stress in the chord members 
upon the Hw»-values may be taken into account by the addition of two terms 


i nperetnrseet so" 2a ee eee 
122Cours de Stabilité des Constructions’, Tome IV, by Arthur Vierendeel, Louvain, 
1920. 


' 
‘ 
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- to Equation (53). Refer to Equation (21) which is the expression for the } 
horizontal deflection in the lower part of a typical panel. The deflection due : 

a 

dyes 

P ; Hy L 1 

to direct stress in the lower chord is obviously mE = = Sara . The total . 
deflection is obtained by adding this term to Equation (21). ; 

Similarly, for the upper chord, the horizontal deflection due to direct’ 


stress is — L Ha Fat) ZL. Substituting for V’a» its value from 
A’ E AE] 
Equation (48), these terms become: 


aie Ds 
ie a(Dy—D) iy 17 (De Do. Sie 


— ae eRe Fras oe ab 


We ee (ie) Ace Gi 4a) Av ohne aes 


Adding these terms to Equation (27), the total horizontal deflection for the 
upper chord is obtained. 

Adding these terms to Equations (21) and (27) and carrying them 
through all the operations to Equation (53), they become, in the final stage: 


12h {~ He| EA L? ei) Val DD zy a )]} 
ae 2 Nir Gooey Won AT SRS solos Sui ee 


By adding this expression to the right-hand side of Equation (58), the effect 
of direct stress is included in the solution. This is equivalent to slightly 
increasing the numerical values of the coefficients of the original terms, 


a 
involving = Hy» and Va». In most cases, the change is small and may be 
1 N 


neglected. In applying the foregoing term, it should be noted that I and A 
must be in the same units as D and L. 


For trusses with symmetrical chords the effect of axial stresses may be 
included in a similar manner. . 

The deformation of the web members due to axial stress could be included 
in Equation (37), but this effect is generally so slight as to be negligible. 


ConcLusions 


In summary, the following conclusions regarding this method of analyzing 
Vierendeel trusses and its limitations are noted: : 


(1) All the equations derived are based upon the 
work and are, therefore, “exact”; that is, they include no 
limitations than the basic elastic theory; 

(2) The solution of the equations for trusses with symmetrical chords 
requires no assumptions and is, therefore, “exact”; : 

(3) The solution of the equations for trusses with inclined 
involves an assumption of values for a and B; 


principles of virtual 
more assumptions or 


upper chords 
and, therefore, is approximate : 
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(4) The method of analysis presented in this paper, although not extremely 
rapid or simple, is reasonably so, and gives results that are sufficiently accurate 
for good design; and, 

(5) A large part of the labor involved in the analysis is in the evaluation 
of the coefficients and setting up an equation for each panel. This part of 
the solution depends only upon the truss dimensions. Therefore, in investi- 
gating the effect of different loadings to obtain influence lines, this part of 
the analysis is the same for all cases, and so need be performed only once. 


In any particular solution, the numerical effect of Assumption (3) upon 
the value of the coefficients is immediately evident and its effect upon the 
results may be estimated. In cases where the assumption has a large effect 
upon coefficient values, this method should be used with caution. In designing 
it is possible to assume such relative values for the moments of inertia of 
the members that the effect of the assumption is negligible or even nil. 
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APPENDIX I 


Novation 


The following symbols, defined where first introduced in the paper, are 
re-arranged herein for convenience of reference: In general, single primes 
denote upper chord values; double primes denote lower chord values; and 
triple primes denote values for the truss in a reversed position. 


A = area; A’ = cross-sectional area of an upper chord member; 
A” = cross-sectional area of a lower chord member; 

a = a subscript; Subscripts a, b, and c, denote three successive 
panel points (see Fig. 1), and are used to designate the loca- 
tion of the various functions; for example, V’a» = vertical 


shear in the upper chord between Panel Points a and b; 
M’y- = bending moment at Point b in the lower chord mem- 
ber, bc; that is, the member extending between Panel Points 
b and c; Mz, = external moment at Point b; Haw = shear 
in web member at Panel Point a; 


b = a subscript (see a); ; P 

CO = a constant; as a subscript to the moment of inertia, ( denotes 
“chord member”; 

c = a subscript (see a); as : 

D = depth of a truss at a given panel point (designated by sub- 
script); length of a web member transverse to the longitu- 
dinal axis of a truss; 

d = drop in chord between panel points; for trusses with only the 


upper chord inclined, d = Dy» — Da; for trusses with sym- 


Le | 
metrical chords, d = + (Dy — Da); 
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modulus of elasticity; 
in general, a horizontal force; a horizontal component of axial 
compression or tension in a chord member; Hw = the total 


a 
transverse shear in a web member; z Hw» = the sum of the 


Hvyw-values from Panel Point 1 to Panel Point a, inclusive; 
Haw = the shear in a web member at Point a; 

moment of inertia; J’, and I”, = moments of inertia of the 
upper and lower chord members, respectively; Ia and Ip 
= moments of inertia of the web members at Panel Points” 
a and b, respectively ; 

a subscript denoting “inclined” ; 

length ofa panel; Z; = length of an inclined chord member; 

external moment, considered positive when the external forces 
on that part of the truss to the left of the point of moments 
have a clockwise moment about that point. Internal 
moments and forces are considered positive when they act 
in the direction shown in the illustrations; M’ and M” 
= bending moments in the upper and lower chord members, 
respectively; May = bending moment at Point C on the 
upper end of web member (at the panel point, a); Mow 
= bending moment at Point D on the upper end of web 
member (at the panel point, b) ; 

an external, concentrated load; Pa, Pp, and Pc, are, respectively, — 
loads suspended from Panel Points a, b, and c; 

total axial tension or compression in a web member; 

total external shear; V’gy = vertical shear in the upper chord 
between Panel Points a and b; V” = vertical shear for the 
lower chord; the external shear, V, is considered positive 
when the resultant of the external forces on that part of 
the truss to the left of the point under consideration, acts 
upward. Internal moments and forces are considered posi- 
tive when they act in the direction shown in the illustrations; 

a subscript denoting “web”; 


a distance measured parallel to the X-axis; 
a distance measured parallel to the Y-axis; 
. M’'w + M’ 

a measure of bending moment ratios = —_@ 1 —— ; 

Me + Ma 

0 
a measure of bending moment ratios = M "va 5 
M"'5q 


deflection; Ay = horizontal deflection; A, = vertical deflection; : 
angular deflection; 0, = angular deflection at Point A = 


Te Ti 
Like 


ratio of stiffness, top and bottom chords = 


ae « 
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SIMULTANEOUS EQUATIONS IN MECHANICS 
SOV PDI BYSKTERA TION 
By W. L. SCHWALBE,’ Esq. 


SyNopsis 


Iteration (meaning “repetition”) stands for the process of successive 
approximations applied to the solution of simultaneous equations. A set of 
simultaneous equations may be characterized by a single equation such as, 
for instance, the well known equation of three moments for ‘a continuous 
beam. Such an equation, with given boundary values, is easily solved by 
elimination or by determinants when the number of unknowns is small, say, 
eight or less, but requires less unwieldy methods when the number of 
unknowns is greater than eight. In this paper the method of iteration is 
applied to the equation of three moments, the equation of three angles, and 
the equation of five angles. All these equations occur in structural 
mechanics, the first two in the theory of continuous beams, and the third one 
in the theory of continuous frames. 

The purpose in writing this paper is not to present a new method (all the 
subject-matter can be found in the references listed in Appendix I); but 
rather to aid the student in civil engineering in making a co-ordinated 
progress from the theory of beams in the elementary course in strength of 
materials to the theory of frames in the more advanced courses in structural 
civil engineering. ; 

The derivations of formulas introduced are outlined separately in Appen- 
dix II and a list of symbols is arranged for convenience of reference in 
Appendix III. In this notation an effort has been made to conform essen- 
tially with “Symbols for Mechanics, Structural Engineering, and Testing 
Materials’? compiled by a committee of the American Standards Association, 
with Society representation, and approved by the Association in 19382. 


Notp.—Discussion on this paper will be closed in October, 1936, Proceedings. 
1 Asst. Prof. of Theoretical and Applied Mechanics, Univ. of Illinois, Urbana, Ill. 


2A, 8S. A.—Z10a—19382. 
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Equation or THREE Moments 
The equation of three moments, which relates the statically indeterminate : 
moments at three consecutive supports of a continuous beam (supports fixed | 
and modulus of elasticity of material constant), may be written in the form:: 


Met 4 28,M. + 7" = U, re ee (1)) 


Zz t+1 
: et! / 
in which M, = the bending moment at Support 7; K = a stiffness ratio, 5 | 


77 
i : ; = a load factor in t 
Sz = a measure of stiffness = — + ; and U, = a load factor in two) 
z a+1 


adjacent spans, such that: 


U7. ain ating gt OCs | ne rr (2)) 
TpLe Tay Doss 
in which Q,-1 and Qz,1 are, respectively, the moment areas below the? 
moment diagram in Spans DL, and Lz, with respect to Supports « — 1 andl 
x + 1. The span is regarded as simply supported under the given loads. 
In order to solve Equation (1) by iteration, or successive approximations, , 
the first approximation is computed for each support, x, as: 


Uz 


(Me) EE a ee (3) ) 
= Fs. ) 
Substituting this value back into Equation (1) the second approximation} 
is found to be: 
Clpyeeng hese (He ms hel) ite (4) ) 
2S: \ K;, Kau 
and so on to the nth approximation (n = 1, 2,.. .): : 
af 1 | Ma)a (Mois) n- 
(M,) = (Mt), — se | Medes 4 Mendes Week (5)) 
z)n 1 2S, K, Kee 


Added speed of convergence is obtained if corrected values are used asi 
soon as they are obtained, for computing the next approximation. Thus, ini 
working from left to right over the series of supports, Equation (5) may be> 
written as: 


m 1 [Mode , (Manse ‘ 

(Me =.) — [ae Se ee RAG | 

z)n ani teats + x... (6)) 

That is, the nth approximation, (Ms -1)n, is used in computing (Mz)n. The> 

proof of convergence of Equations (5) and (6) to the solution of Equation (1)} 
is given in Appendix IT. : 


According to Equation (6) the first approximation, which is computed | 


z 


from the load factor, Uz, is repeatedly corrected by the factor, I [ Meme 
28, Ke 
alles | 


3 , until the computed values remain stationary to any required} 
T+1 7 


+ 


+ 


August, 1936 soLUTION oF SIMULTANEOUS EQUATION BY ITERATION 863 


degree of approximation. The correction factor is easily remembered as the 
sum of the products of the corrected moments on each side of a support and 


their corresponding oe - values in the two adjacent spans, divided by twice the 
sum of the two = values. 


Case 1—An example of a continuous beam over five supports with end 
moments zero, is shown in Fig. 1, including the computed values of the 


1lb 
w=0.1 Ib per ft he Sift 
Number of Support, x 0 } 2 ; i 
| | | 

Moment, M,, . Mo=0 M, We M. M,=0 
Span, L, in feet 10 720 10 10 
Moment Diagrams; A 

Simple Spans f - } f ry 

200 
Moment Areas, Q 0 290 2B ) 
#_ (Assumed) 1 4 2 2 
ca 
3 7 8 

Sz 2 6 3 


a 
2Sz | 
e 1 l 

I 
1st Approximation (4, ), 0 =1.67 =3.22 —0.47 0 
2nd (Mz), 0 =113 —2.84 -0:11 0 
3rd (M, )5 0 —1.20 2193) =O; 11 0 
4th (Mz), 0 . Seat 18 —2.94 ~0.10 (0) 
5th (M,), 0 -1.18 —2.94 -0.10 0 

Fie. 1. 


different quantities. To illustrate the use of Equation (6), the value, 


(.). = — 2.84, for « = 2, in Fig. 1, is computed as follows: The correction 
factor to the first approximation, — 3.22, is {(— 1.18 x 4) + (— 047 x 2) \ 
x 0.428 = — 0.38. Then, (M.). = — 3.22 — (— 0.88) = —2.84. 


As a check, the values of the three moments, computed by elimination 
from the three simultaneous equations which are found when Equation (1) 
is applied three times, are: M, = — 1.18; M, = — 2.93; and M; = — 0.10. 


Equation or THREE ANGLES 


The equation of three angles expresses the relation between the angles of 
rotation at three successive supports of a continuous beam. The equation is: 


AM’, (7) 


Ke Oe -1 + 2 (Ke te Ke 41) 02 + Ke 41 Ox 414 — fq es 


‘n which 0, = angle of rotation of the beam at Support x (6 is plus (+) 
when clockwise); AM’ = load factor = (M’c), — (M’s)n; (M’c), = fixed-end 


ms 7 
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moment at left of support, x, for the span, Lz, with given loads; 
(M’s)z = fixed-end moment at right of support, 2, for the span, Dz ,1, with 
given loads; and # = modulus of elasticity of material. 

The solution of Equation (7) by iteration proceeds in the same manner 
as that outlined for the equation of three moments. The approximating 


equation is written as: 4 


(82) = (0,), — Kz Gen + Koes Oooad (8) 
2 (Ky, + Kas) 
in which (62)n is the nth approximation (n = 1, 2, . . .), and the first 
approximation is (@z)1 = AM’, . The following approximations 
2F (2K, +2 Koy) 


are then corrected step by step by means of Equation (8) until the values 
become stationary to any degree of approximation. 

Case 2.—As an illustrative example the same continuous beam as in Case 1 
is used (see Fig. 2). From the fundamental equations (see Appendix II, 


I 
w=0.1 Ib per ft Le st te 
Number of Support, x 0 1 2 4 
Rotation, 6, a= -f 4, 4 6, 6,= -3 
K,, (Assumed) 1 2 2 I, 
any ” ¢ 
_ Fixed-End Moment, M 0 0,-2 -2 -3 ~3,0 () 
’ 10 25 5 
AM, 0 seen ap Hy 0 
- r 
1 oh naa 1 ¥ 
Ket Kosi) 6 7 rs N 
Ist Approximation 2£(6,), —0.28 +0.555 -0.2976 -0.3125 +0.15 
2nd 2E(6z)p —0.35 +0.70 ~0.44 -0.11 +0.05 
3rd 2E(0,), —0.38 +0.76 0.48 -0.13 +0.065 
4th 2E (6:), —0.39 +0.78 -0.49 -0.13 +0.065 
5th 2E (6,), —0.395 +0.790 -0.494 -0.136 +0.068 
6th 2E (6), —0.393 +0.786 -0.493 -0.1361 +0.0681__ 
Fie. 2. ; 
Equations (24) and (25)), the boundary values, 0) and 64, are obtained under — 
’ 
the assumption of no restraints at the ends, thus: 6) = — — ; and 6, = — oa 
2 


Computed values are included in Fig. 2. For example, the value 

2 EF (0:)2 = + 0.70, is computed as follows: The correction factor AT 
4 {(— 0.28 x 1) + (— 0.30 x 2) } = — 0.15; and then, 2 F (6:)2 = + 0.55) 
— (—0.15) = + 0.70. Some labor of computation is saved if the corrections | 
are made roughly at first, say, to one decimal place ; then, when the values | 
become about stationary, to the second decimal place, ete. From Equ : 
tions (24) and (25) in Appendix II, the moments at the supports are com-: 
puted as, M, = — 1.18; M, = — 2.93; and M, = — 0.10. 
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Equation or Five Ancauzs; No Smwe-Sway 


The equation of five angles is an expression of the equilibrium of a rigid 
joint in a continuous frame, relating the angle of rotation of the joint to the 
‘four neighboring angles and the loads on both vertical and horizontal mem- 
bers. For a frame with no side- -sway (joints fixed in space), the equation is: 


Ke,y Dana, y ae Ky, « Oya, x + 22K On, y a Kasay, y Daryty y 
+ Kya.» Oy419 @ = LS afots Beste es ee wage Bo CD) 


in which 0s,y = the angle of rotation at Joint 2, y (see Fig. 9(a), 
Appendix II); Kz, , = stiffness ratio for girder span; Ky, ¢ = stiffness ratio 
for column span; 3K = Ko,y + Ka,y + Ky, ¢ + Kyu, c, Ue, y = load factor 
= ~ (A M’s,y + AM’y, c); AM’c,y = difference, at Joint x, y, between 
the fixed-end moments of the girders with vertical loads, [A M’s,y = (M’s,y)r 
— (M's, y)z]; and, A M’y, « = the difference, at Joint x, y, between the fixed- 
end moments of the columns with Norizattal loads, [AW he = = (AM’y, «)1 
- (A M’ Vy ar. 


The approximating equation is written as: 


(Oz, yn = (Ox, wy) =, sz [Kay (00-1, y)n ata Keys, y (0241, 9) n 


++ Ky, @ (Oy-1, a) n-4 ah Kya, @ (Oy,3, Ane ei (10) 
in which (62, y)n = the nth approximation; and (62,y)1, the first approxima- 
tion, — Lavy . 
ae re 


The value of 6 in Equation (10) that bears the index, n, depends on the 
order in which the correction factors (the quantity in parenthesis) are com- 
puted. The order is immaterial of course; any two of the four 6-values may 
be given the index, n. As written, Equation (10) indicates that the order of 
procedure is from left to right and from top to bottom. It expresses the fact 
that each value of 62, y is corrected, successively, by the sum of the products 
of the four neighboring 6-values and their K-factors, divided by twice the 
sum of the four K-values that meet at Point (z, y). The correction is always 
made from the first approximation, (02,y)1, which is first computed for each 
joint from the load factor. The proof of convergence for the procedure is 
indicated in Appendix II. 

Case $3—Fig. 8 shows a frame, two stories high (3)°. The values of the 
angles at the lower ends of the lower columns are assumed to be zero, For 


v 
this example, Uz, y = a ava and A M’,,, = 0, since there are no horizontal 


loads. To illustrate the application of Equation (10) the following values 


% Numerals in parentheses refer to Appendix I. 
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for 2 H 4,2 and 2 H 6,,» are computed : 


oF (6s. ), ck ees LEA Me eae) eet 
FS ke ee) 1 
2B (Ooy.)2 = + 8.00 —— { (— 1.80 x 4) + (0.00 x 4)} = + 3.60; 
and, 
(61, :)2 = — 1.80 ~+{(+ 3.60 X 4) + (1.50 x 4) + G x 180)}= — 3.03 


w=1 ton per meter ( =610 Ib per foot) w=1 ton per meter 
CZLZLLLLLLLLLL LALLA 


Fixed-End Moment, Mz, 2 


OMz,2 
Ky, 2 
23K 1 
1st Approximation 2E (6, 2), 
2nd 2E (6;, 2 )> 
3rd 2E (62,2) 
4th 2E (62, 2)4 
5th 2E (Gz, 2)5 
6th 2E (62,2), 
y=1 
Fixed-End Moment, M;, ; 
OM;1 
Ky, 1 ~ 
23K 4 = 
Ist Approximation 2E (62,1), 0.00 c 
2nd 2E (62,1), j vo 70-83 3 
3rd 2E (6z,1)3 ‘ z +1.06 ¢ 
4th 2E (Oz, 1)4 +113 $ 
5th 2E (Gz, 1)5 +114 E 
6th 2E (62,1), +1.15 
eee : Ons 0 ) “ma 
x, 0 
2=0 1 2 3 
Lyzy 6 meters (=19.69 ft) 6 meters 6 meters N 
) o3 oy = 
— ng S s 


Fig, 3.—Succussive APPROXIMATIONS FOR 2EH6 


The procedure is continued until the values become stationary. On account 
of symmetry in this example computations for only one-half the joints need 


be made. The results shown in Fig. 3 check the values determined by! 
elimination. 


Equation or Five Aneues—Sipr-Sway ; 


For a continuous frame acted upon by horizontal loads, the rigid joints 
may undergo a horizontal displacement, or side-sway. The equation of five 
angles for this case is: j 


K (6) => Day y ives sivas cee ae 
~ in which, . 
EO) =" Kay Omaye tet Ky, 2 9ys,2 + 2(3K) Ox, y ] 


+ Kag.y ua; y +) Kalo. Qrapeies tots eee 


nnteatihaa 
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and, 


4 M' yx 


Toy = 
ae 2B 


re amucpe ae SOK y.1/o (dyita)eie C18) 
=K = sum of four K-values of members meeting at a joint; and AM"y, « 
= difference in fixed-end moments for the column ends meeting at Joint z, Y3 
and (ay, 2), = angle of column rotation due to the horizontal displacement 
of the upper end, y, relative to the lower end, y — 1, of the column, Ly, 2. 
The subscript, L, indicates that the angle is #6 the lett of a joint nite the 
observer is to the right of the column (Fig. 10(a), Appendix IT). 

For convenience in computing Angles 6 and a, the former is written 0 = 4, 
+ 6s. If 6 represents the angle of rotation due to the bending action alone 
of the horizontal loads on the columns (side-sway being zero), and 6, is the 
rotation due to the side-sway alone, Equation (11) may be replaced by: 


A M'. 
LORD GN ce ee Fe tay a ie a (14 
(85) ain ) 
and, 
K (6s) =3 Ky, « (ay, ot + 3 UGreae (dy,2, ETE Sere) 


Since the angles, a, as well as the angles, 6;, in Equation (15) are 
unknown, it is necessary to write an additional equation of equilibrium for 
the horizontal forces above each floor level; thus: 


y=kz2=m 
> > P eee > (Rie aes a5 > CUS ale aoa (M’ (My-y2)e = (Myo) 
yy U ) 
Gee z= Lyyx 
zm K \ 
OMAK i 
—— aia (Ong Une Se ele ee. at et (16) 
Hd) ” 
in which & = number of floor levels minus one; Py, = horizontal load on 
the column, Ly, 2; m ‘= number of columns minus one; (Ry-+,2)or = hori- 


zontal reaction at joint on the level, y — 1, due to given loads on the columns, 
with end moments equal to zero; and M’ = fixed-end moment, either to the 
right or to the left of a joint, as indicated by the index, R, or L (Fig. 11, 
Appendix IT). 

Case 4.—As an example of the application of Equations (14), (15), and 
(16) to a frame with side-sway, the frame in Case 3 is subjected to horizontal 
loads, w, equal to 2 tons per m (1 220 lb per ft; see Fig. 4). The first part 
of the problem is the solution of Equation (14). This is accomplished as out- 
lined in Case 3 for Equation (9). The fixed-end moments, M’y, 2, are 


= i i S) and the first approximation is, 2 H (@,), = AM ys 
12 3 DeSie 


In Fig. 4 the first approximations are underlined and the succeeding ones 
are tabulated below the first. 


- 


t 
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For the solution of Equation (15), subject to the condition expressed by » 
Equation (16), it is assumed that the angle of side-sway, a, is the same for ' 


Ay 
K= 3 


as 

45 

SE 

1c 

~aoa 

a) ” 

S& 

2s 

EN 

vt 

K= 

ask=$ 0.00 

3 0.0 
SS 0.0 
a +0.03 
83 +0.035 
o 

eo +0.0348 
58 

an 

us 

s 
N 

" 

3 

4, 


W H i} "! 
te ) Xs XS 


Fie, 4.—Succnssivp APPROXIMATIONS FOR 2H, 


each column in any given story. Since, for this frame, Ky,2 = Kyy,2 = 4 
for all columns, Equation (15) may be written: 


Ks = . fare +. CA rants (17) 


The joint rotation, 0s, may be further divided into: (6s)ys, the joint 
rotation corresponding to a side-sway (ays); and (@s)y, the joint rotation: 
corresponding to a side-sway, (ay), Consequently, for y =1,2 and (a0), = 0, : 
Equation (17) may be replaced by: : 


il 1 ; 
K Os {4 — aL, = Tolave Bicvecle es che tte ence es 
(Os)y 5 om aa ( ) 


and ; 
1 1 
K (6s)y oi 70s + > (oa) Se eee) 


_ Equations (18) and (19) are solved by iteration, as outlined in Case 3 
1.00 


first for the values, a. = a = ade The results are shown in Figs. 5 and 6. 


> 
These values, for a = 1, are then used in solving Equation (16) , which, for 
Case 4, reduces to: 


Qq = 


= (oy: ial vee Mealy fe 2 5-da 
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at the first story; and, 
Ae 2 
Qa aatabes =i 61,1 + B21 He Os, 4 = Do, 2 ae 61, » + O22 + Os, 2) aati! 


at the second story. 


+0.75 
+0,54 
+0.57 
+0.57 
+0,571 

+0,5715 


+0.32 
'+0.323 
+0.322 


y=0 
«=0 x=1 
(%-),= a= 5 (,), = = A= 5 
First Approximation [(8,)y 1], = aE = First Approximation [(@,),], “35 + 
[11,70 ODI E AT i 
Fic, 5.—VALUnES OF 2H (6s)y_1 Fic. 6.— VALUES OF 2H (@s)y 


In solving Equations (20) and (21) the first approximation for the a-values 


6 
is obtained by placing all the 6-values equal to zero or (a1), = re and 


a), = 2 These values are then corrected by multiplying the values of 
eg 


(0s)y+ and (6s), for unit rotation, a, by the first approximation for a and 
using these new values of (@s)y1 and (6s)y, together with the r-values (see 
Fig. 4), for a second approximation of a according to Equations (20) and 
(21), ete. To illustrate, the second approximations are: 


my | [ (0.681 + 0.333) © + (0.571 + 0.322) = + (0.398 — 0.125 + 0.035 
8 an E 


cael. <6 ee 02" enah-(a;) = 4 coast + 0.335 — oto 
—oos) +] 4 $= E , ) 2 8 


— 0.009) _ + (0.571 + 0.322 + 0.791 + 0.341) ones (0.398 — 0.195 
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2 3.16. 
+ 0.035 — 0.015 — 2.941 + 0.628 — 0.189 + 0.051) =a +—= z 


Successive values of a up to the sixth approximation are shown in Table 1. 


TABLE 1.—SuccessiveE APPROXIMATIONS FoR a (Rotation DuE To Sipe-Sway) 


Approximation No. y=1 y=2 
Symbols Value Symbols Value 

Tee hatte ale talehe dye Vicars oe arete e E (a%)1 6.00 E (Ge 2.00 

Beeb ca io) vol etek: ate atarod: ashe wih E (G&%)e 7.00 E (G2)2 3.16 

Ce os Oe SR Ree ee E (a%)3 7.26 E (Ge)3 3.48 

A Pet saints cpm atotshi gas Uree | E (a), 7.38 E (G)4 3.57 

Dara sictecacere dinolejaiefshase slsteiser ticle E (%)5 7.35 E (G)5 3.60 

ONeareinadlomeeies calssaeiie fetes E (G6 7.353 E (G%)¢ 3.601 
APPENDIX I 
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APPENDIX II 


MarxHematicAL Derivations 


The fundamental equations relating moments and slopes for a single simply 
supported span (Fig. 7) are: 


Gea (Og geet + Ld EO Re ey 3 (22) 
3 iT 6 FI 
and, 
dy = CAs Se eee «+ (23) 
3EHI 6 HI 
or, 
ea SI Bite. Og Pe ME TG ss Fa can lesbos eam (2A) 
and, 

Meee eB ie (OP 0-1 Bs AF) Oy eee eg (OB) 
in which the subscript, 0, denotes that no F ee 
the moments at the ends are zero., Rota- LA eo 
tions are positive when clockwise; and 2 Fs 
moments are positive as shown in Fig. 7. eee oo) 

Equation of Three Moments—The a 
equation for three moments is found P 
by applying Equations (22) and (23) | 
to two adjacent spans in a continuous 
beam and making (@2); = (02)r = Ox (see (Rio (Do (95) (Rady 
Fig. 8), in which (6); is the angle of ro- (b) 
tation at the left of Support x, and (62)z 
is the angle of rotation at the right of M,° Mp 
Support xz. In a continuous beam these ee 
two rotations are equal. Expressing the is Xi X ia 
"A A B B 
angles, 9, in terms of the area-moments, oO 
Qea, and Qz1, the equation of three 
moments becomes (7) (see Equation (1)): fe 
M is ee EAN! (ORS ee a 
Mes pom, (2 4 2.) Ym - A 
i Ky, Kou) Kan cee a=? 
6 6 ee Eo spay bn ee 
epee! Ges en! Sort 96) (a) 
Vell dl Eicgon Ie Fig. 7. 


Equation of Three Angles——The equation of three angles is obtained in a 
manner similar to Equation (26) by applying Equations (24) and (25) to two 
adjacent spans (Fig. 8) and equating the moments on either side of Support 2; 
that is, 


CM pea (Maa SS Manas oF os cogs boomer el 


; 


? 
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in which (M,), is the moment at x in Member Lz to the left of « and (Ma)z: 
is the moment at 2 in Member Lz,, to the right of x Then (3) (see; 
Equation (7)); 


Ka ¥o1 +2, Ko + Koi) +: Reh Ge) == (28) | 
2H 
P 
(6, )7 = On (0, )p= 9x 

M,-; | Mz | Mz+1 LES 
x-1 L, x Lz41 x+1 

| (Mz), (Mp | 
4 ¢ yo y 

Fig. 8 


in which AM’, = (M’c), — (M’x)z = the difference in ‘fixed-end moments! 
at x (see Fig. 8). 


end ew gears Jats 


7 (Miat,y)r. 
B+1,Y pn tesa 


as 


pe 
a 
aC 
=) 
(a) ‘(b) 
za 
(ete 
> + 
SF re ; 
ed he ac: 
ey 
—> a 
- ; 
a 
cb Moments are + as sh 
(Mey e ES (he...) e + as shown 
if (M,, ,) 20g H(M, y) palin 
7 (+) 2 yO EWR > (+) 
Angles are + when Clockwise 
Zz, with Respect to Joint 
ee ae (oe? - 
al hy 4 
Pate ||| Nae 
_ 4 
o 7 
Az : 
- f 
= C (c) - 


Fie, 9. 
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Equation of Five Angles: No Side-Sway.—Fig. (9a) shows Joint (x, y) 
rotated through a positive angle, @x,y. Fig. 9(b) shows the fixed-end moments 
under the given loads. If Equations (24) and (25) are applied to the four 

Spans joining at (x,y) (Fig. 9(c)) , the following equations are obtained: 

In Span Lay: 


(Mo, y)z = — 2 E Ka,y [2 (8a, y)5 + (Oey, y)2] + (M's, y)2-.. (29) 
In Span Lays, y: 
(Mo, y)z = 2 F Koy,y [2 (80, y)2 + (O04, yz] + (M's, y)e-. . (80) 
In Span Ly, «: 
Meee te OW LK 8 (PKG. e + (yas a)al ie (Mp, ee) AOI 


and, in Span Ly,1, o: 
(My, wn = NE Ky, @ [2 (Oy, a)p + (Oy,1, at] +(M’y, o)R- eee (32) 


Substituting Equations (29) to (32) in the equilibrium equation, 
(Mo, y)2 + My, ede = (Ma, yr + (My one eeee eee ees (88) 


and, making use of the equality of angles at Joint z, y, 


(02, y)r = (62, yt — (Oy, a)b = (Oy, oe = Oa, y eee e ences (84) 


the five-angle equation (3) (see Equation (9)), is obtained; thus: 


Ka,y 2-1, : ts Ky, « Oy-1,¢ +2 Oa, y (Ko, y ar Kays, y = Ky, o + Ky, «) 


Si Koy, y 0x41, y aia Ky, @ 04,1, cS = [A M’», 7] =i AN M’y, a] seen (35) 


in which (see Fig. 9(b)): AM’s,y = (M’s,y)n — (M's, y)n; and AM’y, a 
— (M’y, o)b re (My, a) Re 

Equation of Five Angles: With Side-Sway.—lt is assumed that no vertical 
loads act on the girders. Fig. 10(a) shows the horizontal displacement of 
Joints z, y + 1 and 2, y — 1, relative to Joint z, y. The angles of dis- 
placement are (ay, 2)z to the right of Joint x, y, and (ay, 2); to the left of 
Joint x, y. The other angles involved are shown in Fig. 10. Applying Equa- 
tions (24) and (25) to the members in Fig. 10(c), the following equations 
are obtained: 


In Span La, y: 


Career Reet 42 (Op) 4 (Ogun ya lencsaser (36) 
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In Span Lo,,, y: 
(Mo, yz = 2 EF Koys,y [2 (Oa, y)2 + (Oasy)il.........-(87) | 
In Span Ly, «: 
(My, o)n = —2E Ky,» [2 (wy, ot + Coya,o)e] + (My, o)p--. Re 
and, in Span Ly,:, 2: 


(My, a)n =2EH Kye [ 2 (wy, a)r sie (wy,1, atl + My, ae re . (39) 


asl 
8 
= 
* (Ma-1y)e (F) (Mai) 
7X) (May)? S (Maye (yy pn” 
: 
es q 
Oa 7s (8,y)s 
= 
cS 
= 
S (c) 
= 
At 
in: 
N¢ 
= 
Fie. 10 


af substituting Equations (36) to (39) into Equation (33), and making 
ae the relations, (wy, or ga (Oy, ar — (ay, aR} (wy, oie (Oy, oe 
ay, 2) (see Fig. 10(a)); and, (92, yr = (92, ye = (Oy, a, = (Oy, oe 
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= 42, y, the equation of five angles, for horizontal loads, with side-sway, is 
obtained; thus (see Equation (11)): 


Ka,y O15 y = Kas, y Ox 41, y ae 2 Oa, y (Kae, y at Ky, @ ihe Kes, y ai Kya, a) 
AM’ ya 

ae Kya Oy-1,0 ae Ky.a,0 Oy, = cae 9 E ar 3 Ky,o (ay,a) 1 ate 3 Kye (dysyo) n+ (40) 
Equation (16) expressing the equilibrium of horizontal forces for the part 


of the frame above a horizontal section through any floor level is derived as 


follows: The fundamental relations between moments and reactions (see 
Fig. 7) are: 


PgR Yor eras, (41) 
L 
and, 
ly == (Uk oe M ie Ma . . (42) 
L 
If Equation (41) is applied to a single column (see Fig. 11(a)): 
ee ACR, wee SM pails eS (43) 


Lyx 


(Ry, xp 


Ry-1,0 Ry-1,1 Ry-1,2 Ry-1,z 
x=0 1 2 z ” 
(b) 


Fie. 11. 
From Equations (38) and (39): 
(My, «), — (My+o)2 = — 6 E Ky, [80,4 + Os, 0 — 2 (ay, 2] 
ESA OT Ee Sec on == aee (0.1 Te Wl ae eae EAL 8 


Since the horizontal loads and reactions are in equilibrium (see Fig. 11(b)): 


Seat SJ [Ra sc 


Mi 


tay ie ls 


: 
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Finally, substituting Equations (43) and (44) into Equation (45) (see) 
Equation (16)): 


r=™m 


zm y= k “=m 
mys >, Pryyx = > (Ry-1)2)0,2 — > aa ut [Bay ap Oy-y2 —2 (ays2)z] i 
z=0 y—1 


z=0 z=0 had 
SS Mae Me, Fo Re (46) 
peO Lyx 


Convergence Proof.—Equation of Three Moments.—That the sequence, 
(Mz)n (Equation (5)), is convergent for increasing integral values of n is 
demonstrated if it can be shown that the sequence of differences between suc- 
cessive approximations converges to zero. It is assumed that the coefficients, 


1 


i are positive and that Se = — +4 does not equal zero; in other 


? 
z @+1 


1 : F ‘ 
words, the ie - values are not zero for any two adjacent spans in a continuous 


beam. The nth approximatiqn is expressed by Equation (5) of the paper 
and the (m — 1)th is: 


(Maar = (Me). — —E | ites - Meet Se (47) 
2 Sz Ket Kou 
The difference between Equations (5) and (47) is: 
1 
(Me) n ia (Ma) n- —p— [(Mo-s)n-4 — (Moa)n-2 
KS, (Mo-1)n-2] 
SS ee (Mays 1-17 -— Mes -2 eeceVee ce eee 
+5 ree [ ) ( )n-2].- (48) 


For n = 2, since (Mos)o = (Ma,1)o = 0, the difference is: 


- 


(Ma-1)1 Se" ageeme s ses (Ma,1) cece (49) 
2 K,S8, 2 i Sz - 

Let M be the largest absolute value among all the moments in the first 
approximations, including boundary values. Then, the difference, (M By, 


< (Mz):, lies between + 0.5 M and — 0.5 M. age the differences 
orm = 3: 


(Mz)2 ai (Mz). == 


(Mz)s Ta (Mz)> Se [(Mao-s)2 a (Me-1)1] 


z z 


‘ 


diag aa [(Mo41)2 3% (Mo,41)1]. wae: sie) eis: «Wel © (otatires . (50) ; 


it is seen that this difference lies between + 0.25 M and — 0.25 M. In gen- 


eral, the difference expressed by Equation (48) lies between a and — a! i 
n—) Qn-1 : 
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Hence, this difference approaches zero for increasing values of n. To show 
that (Mz)n approaches the solution, Ms, expressed by Equation (1), the 


- difference is written in the form (remembering that (Ms); = ve) : 
: 2 S, 


Bl), — (Mean = = [es +2 (Mz)n-1S, + Mens _ v: | . (51) 
: 28, K, Koy 
Since (Mz)n — (Mz)n-« approaches zero, the right-hand expression approaches 
zero; hence, (Mz)n-+ satisfies the original Equation (1) for the condition 
that n becomes infinite. 
Convergence is easily shown also for Equation (6) when (Mz-)n is used 
in computation instead of (Mo-+)n+; thus: 


(Me)n =Z (Me)na = : Mes a Moa N-1, 
2K, 8, [(Mea)n — (Mo1)n-1] 
1 
eat open (Mus) n+ rea Mes N-Bl] see cree ee eres see 52 
and, for n = 2: 
Leah 1 

(Ma) raat (Mz): a ee (Ma-1)2 ae Ma-z ce NP pee re 7) ere . 53 
; Ks. )a] ‘ KS! )1- (53) 


By making use of the upper and lower bounds, as stated for Equation (48) 
(that is, (Mz)2 — (Mz); is less than + 0.5 M and greater than — 0.5 M1), 
it is also true that (Maz+)2 — (Mze-+), is less than + M and greater than — WM. 
Hence, for Equation (53), (Ma-1)2 — (Mw): is less than + 0.5 M and greater 
+ M 
On-1 


and 


than — 0.5 M; and, in general, (Mz)n — (Mz)n+ is less than 


greater than = , as before. 


Pigs 


For the equation of five angles the proof of convergence is easily obtained 
by generalizing the proof as given for the equation of three moments; in the 
equation of five angles the value, S K, must not be equal to, or less than, zero. 

A proof of convergence based upon the minimum of a positive definite quad- 
ratic form associated with a set of simultaneous equations is given in the 


paper (4). 


APPENDIX III 


Notation 


The following letter symbols, introduced in the paper, are arranged herein, 
for convenience of reference and for the guidance of discussers: 


b = a subscript denoting “bending”. 
-7T = rectangular moment of inertia; Jz = moment of inertia in 


Span La, ete. 
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So 


nD yy © tyss 
| || 


2 dea 


II Il Il 
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a stiffness Ses jee > K = a sum of four stiffness ratios 
L 


= Ka, + Kayy,y + Ky, «a + Ky,a, ¢ at Joint (x, y). 


number of floor-levels minus one. 

length; Zz = span length between Supports « — 1 and 2, etc.; 
as a subscript, L, denotes left and as a subscript to a, it 
indicates that the angle is to the left of a joint when the 
observer is to the right of a column. 


moment of force; Mz = bending moment at Support z, etc.; 
MW’ = fixed-end moment; AM’, = a local factor = a differ- 
ence, (M’r), — (M’z)n, between fixed-end moments at the 


left and right of Support z. 

number of columns minus one. 

a limiting number. 

a horizontal force applied at any story; Pye = horizontal force 
between floor levels, y—1 and y. 

statical moment of area about a given axis; Qe. and Qa, are, 
respectively, the moment areas below the moment diagram in 
Spans Lz, and Dz,, with respect to Supports « — 1 and x +1. 

a subscript denoting “right side”. 


a sum of two stiffness ratios; S; = 


1 

K, Kay 

a subscript denoting “side-sway”. 

a load factor in two adjacent spans. 

angle of rotation of one end of one member; (ay, 2), = angle 
of column rotation due to the horizontal displacement of the 
upper end, y, with respect to the lower end, y—1, of 
the column, Ly, 2; the subscript, L, applied to a indicates 
that the angle is to the left of a joint when the observer is 
to the right of a column. 

a difference; AM’, = a load factor = difference, (M’z), 
— (M’z)er, between fixed-end moments. 

rotation of a joint; 0, = the rotation due entirely to the bend- 
ing action of horizontal loads on the columns; 6, = the rota- ” 
tion due entirely to side-sway. 

an angle = @ — a. 
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TAPERED STRUCTURAL MEMBERS: 
MINSANALY TIGAL TREATMENT 


Discussion 
By Messrs. A. W. FISCHER, AND L. LEGENS 


A. W. Fiscurr,” Ese. (by letter).°°*—A very thorough mathematical treat- 
ment for solving the values of M4, Caz, and S4, is presented in this paper. 
The results are reliable when the substitute J-curve practically coincides 
with the actual J-curve. By solving for the shape exponent, n, at several 
points along the tapered member a value can be selected such that the sub- 
stitute J-curve will fit the actual J-curve very well. Members of uniform 
depth, with straight-line haunches at either end, or at both ends, should be 
divided into sections so as to fit the substitute J-curve more closely to the 
actual J-curve. The taper modulus, A, can be determined readily, but the accu- 
rate determination of n is another problem. Since an average can be selected, 
however, so that the substitute J-curve will give reliable results, it seems that 
the authors have added a very important item in the theory pertaining to this 
subject. 

For the solution of general tapered members used in ordinary practice it 
seems that the values of the constants, My, Caz, and S4, can be taken directly 
from charts” in just a fraction of the time required to calculate the constants 
using the authors’ method; and especially is this true for straight haunched 
beams in which the haunch does not extend to the center of the span. 

As an example, consider the symmetrical rigid-frame concrete bridge”, 
shown in Fig. 28. If a width of 12 ft is used, 7 = d’, in feet. Substituting 


_ 16.77 — 5.359 
5.359 


ih Equation (7): A = 13.33 = taper modulus for the 


horizontal member. 


Notre.—The paper by Walter H. Weiskopf and John W. Pickworth, Assoc. Members, 
Am. Soc. C. E., was published in October, 1935, Proceedings. Discussion on this paper 
has appeared in Proceedings, as follows: February, 1936, by Messrs. Fred_L. Plummer, 
and LeRoy W. Clark; March. 1936, by Messrs. E. G. Paulet. J. Charles Rathbun, and 
Halvard W. Birkeland; and May, 1936, by Messrs. C. W. Dunham, Fang-Yin Tsai, A. A. 
Eremin. and Austin H. Reeves. 

5? Care, Pennsylvania Sugar Co., Philadelphia, Pa. 

58a Received by the Secretary May 11, 1936. 

60 See “Design of Continuous Frames Having Variable Moments of Inertia’, Civil 
Engineering, October, 1932, pp. 647-648. 

61“Analysis of Rigid Frame Concrete Bridges’, Portland Cement Assoc., Third 
Edition, 1935. 
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At a point 12 ft from the left support for the horizontal member the : 
depth = 2.65 ft, from which Ie = 18.61, and substituting in Equation (8), 


n = log 76.77 — 18.61 + log 12 = 1.583 = the shape exponent for the hori- 


13.33 xX 18.61 30 J 
zontal member. In solving the value of n at other points, it seems that the | 


BS 28'6"" 2 

VOILE 
This Area Included in Both 
Deck and Wall Elements 


60'0" 


Symmetry Line ——— - 


Clear Span - 57'0" 
Fic. 28. 


value, 1.583, is somewhat too great, and a value of 1.55 is selected so that. 
the substitute J-curve will fit quite well with the actual J-curve for the | 
horizontal member. 

Case 2 will apply for the horizontal member and, from Equation (72), 
F, = 1.3117; from Equation (78), with n = 1.55, F, = 1.8023; and, from. 
Equation (74), F; = F. : 

For a uniformly distributed load of w = 90 lb per lin ft, on a span of - 
l = 60 ft, with n = 1.55, Equation (82) yields F; = 0.82797, and, from 
Equation (81), M4 = Mz, = — 84120 ft-lb. 

For a concentrated load of 2 500 lb at the center of the span, Equation (80 
gives Ff’, = 0.5319, and, from Equation (79), with P = 2500 Ib. 
M, = M, = — 25620 ft-lb. Therefore, the total, live load, fixed-end 
moment = — 84120 — 25620 = — 59740 ft-lb. From Equation (52), 


Cu = — © = — 047978; and, from Equation (61), with I, = 76.7% 
2 
Sy OT 1b 
For the vertical member, from Equation (7), A = 3.912. At a point 6 ft 
from the top of the member the thickness = 3.66 ft, and Ie = 49.03. Sub- 
stituting in Equation (8), with e = 6 and r = 17.88, n = 1.771. In solving 
for the value of n at other points, it seems that 1.771 is slightly too small; 
therefore, a value of 1.8 will be used. The vertical member comes under 
Case 8, and, from Equation (85), F, = 0.4865. . 
: 
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Variation of the Cross Method When One End Is Hinged—From Equa- 
tion (110), S’%, = 2.206. As the horizontal member. is symmetrical and 
aie ,y ‘a modified S, can be used™ so that one distribution is all that is 
required. Calling the new stiffness factor, S”,; it is equal to S, x (1 + Cus) 
= 0.1028. 

The combined factors, 8’, + 8”, = 2.3088, which means that 95.55% is 
distributed to the vertical member and 4.45i% to the horizontal member. As 
the total, live load, fixed-end moment, VM, = — 59740 ft-lb before distribu- 
tion, the actual moment at the end of Member AB after distribution will be, 
— 59740 (1.0000 — 0.0455) = — 57080 ft-lb, which is the corner moment at 
Point A when the deck is straight. On account of the horizontal member 
being curved, as shown in Fig. 28, the corner moment will be less. The 


17.88 + 0.75 


reduction factor® will be , and this value times — 57 080 = — 54870 


ft-lb. As the corner moment is — 54870, the horizontal thrust acting at the 
: 54 870 


hinged support will be = 3069 lb. 


Assuming, now, that the horizontal component of the reaction for» the 
foregoing loading is 3069 lb, then, by statics, the moment at the crown is, 


+ 90 x 30 x 05 x 30 = + 40500 


+05 x 2500 x 380 = + 87500 
3 — 38069 x 19.875 = — 59450 
ROta eet a. eee LS ODO etal 


Using a method advanced by the Portland Cement Association™, the total 
positive live load moment at the crown, assuming a simply supported deck, 
is found to be 78 000 ft-lb. Then the difference between this moment and the 
negative corner moment created by the same loading is 78000 — 57080 
= + 20920 ft-lb, which is the moment at the crown of the frame with a 
17.88 + 0.5 X 1.50 18.68 


straight deck. The reduction factor® will be, = , 
17.88 + 1.50 19.38 
and this value times 20920 = 20120 ft-lb. 

The foregoing example was also solved by the writer using the “method of 
elastic weights”, and the corner moments by that method were found to be 
— 55100 ft-lb, and the crown moments, + 18 310 ft-lb. As the results by 
the authors’ method check very closely with the method of elastic weights 
it shows that the former is sufficiently accurate for practical purposes. 

The authors’ method for the analysis of tapered members will give the 
‘desired results; but for the analysis of such a structure as the rigid-frame 
bridge, hinged at the supports, there are other analytical methods that are 
Te er ier we soadwibed, Bin? Se, p. Lid. eee 

crane a ee Rigid Frame Concrete Bridges’, Portland Cement Assoc., Third 


Edition, 1935, 
% Loc. cit., Pe: 24, 
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shorter, and if a systematic arrangement of tables is used the writer is of [ 
the opinion that the method of elastic weights will give the desired results ; 
in the shortest time. 5 

By means of the method of elastic weights, the depth of the frame can} 
vary along its length in any proportion, the axis can be of any shape, the end- - 
posts need not be vertical, and, if the division points are taken sufficiently ; 
close, the results will agree very well with any of the analytical methods. 

The one great disadvantage of the authors’ method for the analysis of the : 
rigid-frame bridge is that it is based on a straight-line axis for the horizontal | 
member, and as practically all horizontal members have a curved axis a cor-- 
rection must be made by introducing a reduction factor which is only’ 
approximate. Another disadvantage is that, when the load is not symmetrical, , 
there will be side-sway, and a correction must be made for that also. 

Even if the method is not generally adopted, the authors should be com- - 
mended for introducing a mathematical treatment which, some day, may be} 
further elaborated, and eventually an average value of n can be selected more: 
readily, so that the substituted J-curve will give as close results as the actual | 
I-curve. 


L. Lecens,” Esq. (by letter).“*—A method of analyzing structures, com- - 
posed of members of non-uniform cross-section, is discussed in this paper, , 
and the authors have indicated its application to some classical methods of ' 
analysis. The hope is expressed in conclusion that the resulting method. 
of substitute J-curves may aid in the development of classes of structures | 
which have been hampered in the past by mathematical difficulties of design. 
The use of this method, in general, is most advantageous and becomes neces- : 
sary for the calculation of many basically and indeterminate systems. 

For the arch fixed at the two ends, in the past, it was generally agreed, for ' 
the purpose of computation, that the reduced moment of inertia, J’ = I cos ¢,, 
should be constant and equal to the moment of inertia, Ic, at the crown (see: 
Fig. 29). Miiller-Breslau” was one of the first to state that this assumption | 
was not admissible, and to suggest that the arch should be computed as a 
tapered beam. 

Assuming a parabolic arch barrel and selecting a Cartesian system of | 
co-ordinates with the origin in O (Fig. 29), he determined the three statically 
indeterminate reactions, Xa, Xp, and X., for a concentrated load, Pm, with 
the general equations of elasticity. 

Expressing the reduced moment of inertia, I’n, of the end cross-sections by: 


he chose for the function of the I’-curve, the formula, 


ip « \" 
of ce lg (=) BS oie faves .. (201) 


1 


% Engr., Alsace-Lorraine R. R., Strasbcurg. France. 
ig ae Rie erape Secretary December 14, 1935. 
“Die Graphische Statik ie i 
hy ets aan Ly ik der Baukonstruktionen”, yon Miiller-Breslau, Band II, 


Ld 


hermes ~ 
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which is similar to Equation (1) of the paper, except that the center of ordi- 
nates for Equation (201) is at the mid-points, whereas in the paper (Equa- 
tion (1)) it is at the ends. For a = 1, Equation (201) will reduce to 


& 


_ 
oO 


a 
oO 


Temperature Stresses, s, in Kilograms per Square Centimeter 


Le) 
o 


(0) 1 2 3 4 6 10 
Values of n 


Wig. 29. Fic. 31.—TEMPERATURE STRESSES. 
TV = 1 cos ¢ = I,, an expression which was recognized, by early mathema- 
ticians; and, for the distance, ho (see Fig. 30), Miiller-Breslau derives the 
expression : : 
i= (Ltd 2) (et 8s) ei toes ee (202) 
3 (p + 2) p+3 


in which values of p, corresponding to n, are shown in Fig. 31. 


nae 
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Fig. 29 presents the influence lines for the reactions, Xa, Xd, and: Xp 
° e Hr} 
These values have-been calculated by Miiller-Breslau for various ratios, — 


1 
as shown in Table 7. The difference between the values resulting from 


TABLE 7.—Computation or Reactions For Various Positions or Loap 


. 
7 


——————— i ———————————— EEE 


VALUES OF Xa VALUES OF Xb VALUES OF Xe 
x 
chi a= 0.25 a = 0.25 a = 0.25 
a= 1.00 a= 1.00 a=1.00 
p= p=2 p=1 p=2 p= p=2 
OLD rages cjelnne atele 6.0000 | 6.2500 | 7.5000 | 0.5000 | 0.5000 | 0.5000 | 0.9973 | 0.9950 | 0.9290 
Ue ee ee 3.4560 | 3.6480 | 4.8000 | 0.3328 | 0.3331 | 0.3520 | 0.8941 | 0.8981 | 0.8562 
Be eats sath wialetes 1.7280 | 1.8180 | 2.7000 | 0.1882 |£0.1872 | 0.2160 | 0.6371 | 0.6443 | 0.6555 
GAs velolass eetsta's 0.6720 | 0.6880 | 1.2000 | 0.0814 | 0.0789 | 0.1040 | 0.3315 | 0.3321 | 0.3805 
MOS daha cre Gia0 a 3a 0.1440 | 0.1380 | 0.3000 | 0.0191 | 0.0174 | 0.0280 | 0.0904 | 0.0864 | 0.1204 
leah eiMn lets Bie eleiave'e || 1 ssn. Micka dine | to stare Ayl oe aCe MI acapee aia Mec kete setae 3.50 3.67 5.00 
* Values of h., in meters. ( 


the Miiller-Breslau “shape exponents”, p =1 and p = 2, is not very great; 
but there is considerable variation between the different values, Xa, Xp, and Xe, 


for a = 0.25 or for a = 1.00. For practical purposes, a = 0.25 will be a good © 


average value and it is not permissible to assume that a = 1 (that is, to 
neglect the super-modulus). 


It is well-known that for flat arches (4 < <), the influence of temperature 


is very considerable and in every case is more important than that of loads. — 


Referring to the general equations of elasticity, let 8 = deformation; 
pherrs* dar = 05 Synge 0p Sep ae (Oe Fe Se El A eee Sat =805 
aa “ 
ey RAE camer corp 
Oop Sec 
Al é 
& Ey (203) 


Xx; © 1.6) feet wylah oy kin 
ni(tnethe 1), pts?) 
5 p+5 3 p+3 


The writer prefers to use the reciprocal values introduced by Miiller- 


Breslau. Therefore, according to Equations (200) and (201), n = Aa 
Dy se Io; and, 
Bis p 
fon cog (2) Mer PRE Mae. (204) 
4 n livsaa 
Equation (203) becomes: 
EI, al 3 
Ky 8 Oe 
PA net+5 1ne+)) [ze+s . 
5 n(o+5) 9 np+1 Ln(p +3) 


- O* 
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Referring to Fig. 30 the unit stress, s, is obtained for the crown section, 
C, by the equation: 


eae hatte (206) 
A, Tt? 
in which A, and J, are the area and the moment of inertia and are equal, 
b d’, 


respectively, to: Ac = b de; and Ie = When the signs, + or =, 


12 
appear, the positive refers to the intrados and the negative refers to the 
extrados. Finally, according to Equations (202), (205), and (206), for 


owX co, Ac, and Ic: 
pat (#) fi a 2betinetal 
l 12 dg proenp+1 
Bag orto Temi(p eh) [ np+3 ] 
5 n(o+5) 9 np +1 Ln(o+3) 
For Sections A at the springing (see Fig. 30), the unit stress, s, will be: 


= Xé cos da Xe (h ‘ks ho) dq 


. Repeat ee ilo} lo GANA at (208) 
Ag Ty o 
in which I, = b da ; and, Ag = b da. Furthermore, 
(AA EOS CRORE RTE, (209) 
12 
Lae E NOE Mae Wt WN be, Ue wen, (210) 
ce COs dy d* 
COS dg : Stee teen eee teens (211) 
va) 
l 
and, 
es per eta AC a ak ee BENS a, (212) 
3. alw(o + 3) +1)+.3 
from which Equation (208) becomes: 
¢ = Xe 008 ba E = hohe y bd, ae] 
b da b d®, COS dg 2 
 Xe008 ba E = al a hol er ate a (213) 
oe eb, dg COS dg 


-and, 


tet te (20) [1 + 2 1 pn(p+44+3 | 
He h dq 608 dg p[m(p + 3) +1] +3 (214) 
ze ES Ty REE 


5 n(p + 5) 9 np+1 Ln(p+83) 
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in which, 
dq _ NES in MEE wee by ee ee (215) 
d, A/ COS dg 
and, 
dz COS by = de Ag coe da tiie ttt tettees (216) 


It follows that: 


Risee a: a A onte|ai= 1 1 pn(p +4) +3 | 

Epio Gh de Jn N cos? d, ein (o + 3) +1) +3] 

a lnpt+5 1 n(o +1) [ets] aes s (217) 
5 n(p + 5) 9 n(op +1) Lu(p + 8) 


For flat arches one may assume that A/ cos oa varies as 1 and A/ cos’ dg 


varies as 1, in which case, Equation (217) becomes: 


TG) ave BL SREDL LAGS boil Beers 1 pn(o+4) +3 | 
1\h a We aeete de Vn p{n(p +3) +1 +3 
; 


Lnpt+5 1 n(p+)) [pets] 
5 n(p+5) 9 np+1-Ln(p+3) 


Finally, for the crown section: 


E 


$ x 


Al fd, 1 Ie /id 
So) et) ee Be —({— ha (po, 2) eee 
, t(#) 2 om [2 (4) = (0.1) (218) 
and, for the section at the springing: 
aie 1 il fal 
so HE — (—-) — ——_____. h, (p, n) [az (5) =m | 
, 2(p, ) |... (219) 
l a Vita(4 4\h 
in which: 

Jick p; ny Ss ee 
linp+5 ee 
5n(o+5) 9 np+1 Ln(p +83) : 
hae nips pn(p+4)+3 1 
2 pin(e-+3) +1)43 Va (221) 

hg (0, n) = : 
ee reres i P 
5 n(p + 5) 9 np+1 Ln(p +8) 
= AN 0 hn (o, 8 dea. 8 eee (222) 


ATS sw 
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and, 
)= Piet WM pet 3 
pH sn pap 1 


Values of hf are listed in Table 8. The maximum stresses are found for 
the intrados at the crown and for the extrados at both springing lines. 


hy (p, 0 


TABLE 8.—Vauues or h (p, n) iN Equations (220) ro (223), Inciusive 


For VALurEs or p Equa. To: - For Vaturs or p Equa To: 
Values of n 

1 eo heebes?! Ee 1 A oor atet.3 ih G 
(a) VaLurs or h, (Equation (220)) (c) Vauuns oF hs (Equation (222)) 
. Sg Sages 11.25 11725 11.25 11.25 11.25 11.25 11.25 L725 
“Ly GO ee 13.50 12.55 12.01 Tad 17.01 15.81 15.14 14.00 
a S'6 ghoege eeeeneeae 14.68 13.00 12.08 10.65 21.18 18.75 17.42 15.36 
> 26S 15.38 13.11 11.92 10.19 24.41 20.82 18.93 16.18 
>. 2 ete 16.03 12.95 11.45 9.41 29.13 23.53 20.80 17.11 
_), Gea 16.20 12.27 10.52 8.33 34.90 26 .43 22.66 17.95 
(b) VALUES OF he (Equation (221)) (d) Vauurs or hy (Equation (223)) 

coe ges 

1 CC BES ee 1.00 1.0 1.00 1.00 1.00 1.00 1.00 ills 
RO ae 0.86 0.86 0.85 0.83 0.83 0.84 0.86 0.90 
2. Nepean 0.78 0.77 Orga 0.74 0.75 0.77 0.80 0.86 
BPN cadere: siciece eisiets 0.72 0.71 0.70 0.68 0.70 0.73 0.77 0.84 
J. Oodle 0.65 0.64 0.62 0.61 0.64 0.69 0.74 0.82 
JL. Re eee 0.56 0.54 0.53 0.51 0.59 0.66 tek 0.80 


The writer has computed these stresses for a concrete arch bridge, 
74 m (242.8 ft) long and 6.75 m (22.1 ft) high for super-moduli of n = 1, 2, 
3, 4, 6, and 10, and the shape exponents, p = 1, 2, 8, and 6. They are shown 
in Fig. 31. With increasing values of n and p the stresses decrease at the 
springing, increase at the crown, and are almost equal at both sections for 
m = 5 and p = 2 which are good average values as determined for a consider- 
able number of actual bridges. 

For practical purposes it may be sufficient to compute the influence of 
temperature by the old formulas (assuming n = 1), the actual stresses being 
always less than those calculated. 

In conclusion, the writer wishes to express his appreciation of the clear 
method described in this paper. It permits a rapid analysis of structures 
with variable moments of inertia. Although Miiller-Breslau anticipated the 
method proposed by the authors, he did not apply it in such a general manner. 
Of course, the equations presented by the writer could be easily transformed 
to make them agree with the equation for the moment of inertia of tapered 
members presented by Messrs. Weiskopf and Pickworth. 


— 


q 


Se eee 
AMERICAN SOCIETY OF CIVIL ENGINEERS 
Founded November 5, 1852 


DISCUSSIONS 


nee ——— 


STABLE CHANNELS IN ERODIBLE MATERIAL 


Discussion 
By Messrs. V. V. TCHIKOFF, AND W. M. GRIFFITH 


V..V. Touixorr,” M. Am. Soo. CO. E. (by letter).**—An excellent analysis” 
of a complex problem is contained in this paper, and the author should be 
congratulated for his collection of the data accompanying it. The writer 
approves of most of the propositions suggested in the paper; they appear to be 
logical and convincing. The special consideration of the stability of the 
banks and the presentation of the cross-sections with the “isovels” are the most 
important additions to the study of the problem (see Fig. 3”). 

Isovels—The purpose of a number of the rectangular cross-sections with 
the isovels presented by the author is to show “that high velocities extend 
closer toward the sides in the narrow, deep cross-sections than in the broad, 
shallow ones.” However, an examination of Fig. 3 indicates that all cross- 


sections except one (35 0.60, which is almost never used in practice), have 
the same isovel, 0.80, nearest the sides. The author’s statement is perhaps 
more applicable to the bottom velocities, although there is a discrepancy in 
their distribution. The isovel, 0.80, for instance (shown in the sections with 


= = 5.95 and 3 = 9.20), disappears at the bottom of the intermediate 


section in which = = 7.48; but a more important observation is that both 


the side and the bottom isovels, being equal to 0.80 in most cases, do not vary 


B 


much, especially if the section with es = 0.60 (which is not a very practical 


one) ‘is disregarded. 


‘ 


_Nots.—The paper by HB. W. Lane, M. Am. Soe. C. B., was published in 1 } 
1935, Proceedings. Discussion on this paper has appeared in Proceeding: an cata 
Findhen Weta ed Ch ben ait ee a C. E.; April, 1986, by Messrs. Bh. & 

aid Os vens, C. R. Pettis, Harry F. Blaney, a i i ; ‘ 
by Messrs. R. EH. Ballester, and Gerald Lacey. 7, gad “Sigard eileen, nd ae 


*> Cons, Engr., Washington, D. C. 
*%a Received by the Secretary April 10, 1936. 


*5> Proceedings, Am. Soc. C. E., Novemb 1935 i 6 2 
“d = depth” for “D — depth.” er, 1935, p. 1820, in Fig. 3, “Note”, a 


‘ 


: 
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It is well known that the mean velocity and the corresponding side and 
bottom velocities vary considerably in stable channels of the various sizes 
carrying the same sediment. Kennedy’s stable sections” serve as an example; 
‘the mean velocity in the smallest section is 1.31 ft per sec, whereas, in the 
largest section, the velocity is 2.86 ft per sec. This variation is still more 
noticeable in Lindley’s sections”, the mean velocities ranging from 1.03 to 
3.61 ft per sec, or about 350 per cent. Table 7 further illustrates how the 


TABLE 7.—DeptH anp Vetocity in Reorancutar Staste CHANNELS, 
CORRESPONDING TO Various WiptH-DrptrH Ratios 


Hypravutic Numser, N = 40 Hypravutic Numser, N = 20 
Width- cee wrst, ATi 
dent Kinetic Factor, Kinetic Factor, Kinetic Factor, Kinetic Factor, 
Item No. ratio, K=0.04 K=0.16 K=0.04 K=0.16 
B 


==r Velocity,| Depth, |Velocity,] Depth, |Velocity,| Depth, | Velocity, 
d DDS A Vaavit aad, cel pey inks ad, inet) Vous booed, dates Ae Vga 
thet feet per feet feet per feet feet per feet feet per 


second second second second 
io Sree 3.20 2.32 1.36 2.32 2.71 9.28 247 9.28 5.42 
Daher sas 5.95 3.02 ial 3.02 3.41 12.08 3.41 12.08 6.82 
Date. 11.00 5.56 2.46 5.56 4.92 22.24 4,92 22.24 9.85 
a 20.00 13.00 3.90 13.00 7.80 52.00 7.80 52.00 15.60 


velocities are augmented with the growing of the width-bed ratio. These 
changes of velocity are incomparably larger than the rate of variation, if any, 
of the isovels near the side and bottom in the cross-section presented by the 
author. 

- Velocity Gradient—The approximate value of the velocity gradient for 
the middle vertical can be calculated by dividing the difference of the two 
neighboring velocities or isovels by the vertical distance between them. This 
distance, however, scarcely changes for the low isovels (0.80, 0.90, and 1.00) 
in the greater part of the sections shown in the paper. There is a minor 
irregularity in the position of the isovel, 1.10, and a more noticeable one in 
that of the isovel, 1.20. The maximum velocity gradient is usually found 
‘in the low parts of the cross-sections, but it remains practically constant in, 
the cross-sections of the paper. 

“Pressure Gradient.’—The action of the sides of a channel is mainly 
typified by the depression of the filament of maximum velocity. This is due 
to the existence of the transverse current in the flow, which was observed 
and experimentally demonstrated by Dr. A. H. Gibson®. The double-spiral- 
motion theory ard the existence of the cross-currents with the direction of 
their flow toward, and up along, the sides of a channel could explain, reason- 
ably well, such observed phenomena as the undermining of the low parts 
of the sides of channels, the rounding up of the angles between the bottom 
and sides, and the silting of the upper parts of the sides. 


26 “Stable Channels in Alluvium’’, by Gerald Lacey, p. 286. 


7 Loc. cit., p. 287. 

28“OQn the Depression of the Filament of Maximum Velocity in a Stream Flowing 
Through an Open Channel’, by A. H. Gibson, Proceedings, Royal Soc. of London, Vol, 
82-A, 1909. 
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The sum of the potential and kinetic energy is constant for all the points 
of the stream filament that lies on the same horizontal plane. Applying this 
condition, the “pressure gradient” that causes the transverse current may be 
expressed by the formula: 


Vie Vive Verde) a 
Cy gB 
Oey 
in which V, = a velocity at the center of the cross-section; and Vs = a 


velocity on the same horizontal plane at the side of a channel. The isovels do 
not vary much in the cross-section in Fig. 3, but the value of B changes 
considerably. The broader the channel, the smaller the “pressure gradient” 
and the transverse currents, and the more stable are its banks. The effect 
of the sides of a channel is to produce the curvilinear movement of the flow, 
the cross-sectional profile of the water surface usually being a curve. As a 
result, the actual vertical pressure differs from the hydrostatic-pressure tri- 
angle. The difference depends upon the rate of changes of the pressure heads 
corresponding to the near-by velocities. 

The theoretical equation for the vertical velocity curve is a parabola of the 
following type: 


Vee af Eb yA 6 eek mc cote. e een 
The equation for the corresponding pressure heads will be, 
ieee — (aged: BH cy Se eee 
g 


and the rate of the changes of these pressure heads, Sp) (= pressure 
gradient), is, 


in which S,, is the velocity gradient. Due to the combined effect of the isovels 
and the velocity gradient changes, both leaning in the same direction, the 
variation of the pressure gradient in Fig. 3 is greater than the change of each 
component, but even this double effect cannot exppain the decidedly different 
property of the sections in Fig. 3 in regard to their relative stability. The 
reason for this, in the writer’s opinion, is that each individual cross-section 
will fit a certain set of the hydraulic conditions upon which its stability 
depends. The condition for stability remaining unchanged, the width-depth 
ratio is determined according to the discharge of flow. For explanation of 
this statement, three general hydraulic factors should be considered: The . 
kinetic factor; the coefficient of hydraulic similtude; and the hydraulic num- 
ber; which have been introduced by the writer elsewhere, : 
Kinetic Factor—tThe kinetic factor” is equal to, 


i= Ven 6B On 
gR 


La Meme keen) Pe Tso | 
20 ; F —- 
pp. 852-858, “™ Sor. C. B., Vol 100 (1985), p. 171, (Hquation (78) also 


ait ogee 


j 
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It is a measure of the kineticity of flow, or turbulence. Equation (29) is 
similar to Mr. Lacey’s formula expressed as Equation (7) in the paper, 
except that the kinetic factor has a definite physical significance. Equa- 
“tion (29) may be rewritten in the form: 


WSO iis BEM Potato thts 282080) 


: “Sediment Equivalent.”—Lacey correlates his silting factor to the diameter 
of the bed material by Equation (8) which, expressed in terms of the kinetic 
factor, is as follows: 


TES ORIM i A a el Th RSA) 


Lacey gave no precise indication of the classification of the sediment; nor 
has he considered the quantity of the material transported. It should be 
noted, however, that both Kennedy and Lacey connected their formulas to the 
sediment taken from the bed of canals or rivers. 

By designating the hydraulic value of a particle by w (the settling velocity 
in the water) and the concentration of the sediment by 7 (percentage by 
weight), the work per second (power) produced by the settlement in the water 
of a given sample of sediment may be termed the “sediment equivalent” and 
expressed by: 


in which pz is the density of the particles; pw is the density of the water; 
and = (wy) = the sum of w7 for each class of particles according to mechan- 
ical analysis. If w is measured in feet per second and »y in pounds (in 100 lb 
of water), # is in foot-pound units. For computing F it is convenient to use 


2 (w 7) 


M 
yt is the total concentration. Jf each class of particles in a mechanical 


the mean hydraulic value of a sample, wm, which is equal to , in which 


TABLE 8.—MecuanicaL AnAtyses, Mean Hyprautic VaLues, AND SEDIMENT 
EqQuivaALENTs, For Two Canats IN ImpertaAL VALLEY, CALIFORNIA 


; PERCENTAGE or SruT Passine A GIvEN Sinve (Stave NumBers In MESHES PER 
Canal 


10 20 40 60t 80 100 200 300 
Hydraulicvalue,wa*| 0.361 0.191 0.111 0.073 0.054 0.033 0.013 0.00386 
a re 0 0) OR OT Sygate see 5.35 16.34 15.38 62.02 
eee. eS e Ae 0 0 O. 54° 0N Fares ae 8.86 13.58 17.38 59.64 
Mean Concentration : 
Depth to| hydraulic of sediment Sediment | Kinetic |Ratio, a, 
Canal Location sample, value, Wm, n (percentage equiva- factor, EF 
in feett in feet of silt by lent, # K ie 
per second weight) 
Pts EO Hanlon §. 9.8 0.014 0.486 0.0043 0.075 0.76 
ae Ge ae eat Central - 4.2 0.015 0.542 0.0051 ale 0.93 


* hydraulic value of particles, corresponding to the sieve analysis, in feet per second. u 60-mesh 
Beg cite ms t 0.2 ft above the canal bed, in each case. $ 120 ‘tt from the east b: 


4 
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analysis were indicated by the percentage, p, of the total concentration, the : 
= ; 
mean hydraulic value would be equal to sien) (see Table 8). The “sedi- 


ment equivalent” may be used as a criterion for the comparison of sediments, 
and it is rightly comparable to the kinetic factor. 

Quantity and Quality of Sediment—If{ two samples of the sediment, each 
consisting of only one size of particles of the same density, have the same 
value, EZ, the following equation is applicable: w: q, = 2 %; OF, 


Th) th ee cok ee er (33) 


Ne oT 


Equation (33) means that the concentration of the sediment varies in reverse 
proportion to the hydraulic values of the particles. This relation appears to 
reveal the approximate general law of the transportation of sediment in 
suspension. The law may be expressed in general terms: 


” 


t's Wim jedot vo a he Stas dag ina (34) 


ee ae 
n + Om 


That is, if the “sediment equivalents” are equal, the total concentration of the 
sediment transported in suspension varies in reverse proportion to the mean 
hydraulic value of the samples. There is a certain limit for the maxi- 
mum hydraulic value, wmax., of the particles that are found in the samples, 
which have the same value as the “sediment equivalent.” 

Kinetic Factor and “Sediment Equivalent.”—The condition for the trans- 
portation of the sedimentary material near the bed in a stable channel in 
erodible material is of primary importance. The suspended material and bed- 
load merge into each other near the bed. This is especially true concerning 
the flow which is heavily charged with fine sediment, as the bed-load differs 
but little from that carried in suspension. Even if the sand were presented 
in a noticeable quantity, the same merging effect would occur and the coarse 
particles are often found at a relatively high distance from the bottom. The 
kineticity of the flow is directly related to the transportation of the sedimen- 
tary material near the bed, especially if this material is not of a coarse 
nature. Since the kinetic factor is a measure of turbulence and the sedimen 
equivalent serves as a silt criterion, they should be related to each other. 
On the basis of certain considerations, it appears that their relation may be 
stated by the following equation: 


YE pac Gah aM ae, oes. beeen eee ee (85) 


in which a is a coefficient. The kinetic factor, K, is a dimensionless number, — 
and, therefore, a is in foot-pound units. The determination of a for the two 
Imperial Valley canals” is demonstrated in Table 8. The average hydraulic 
value for each class of particles (see Table 8), more or less corresponds to 
a a 


80 “Silt in the Colorado Rive dlI a 
coy ae a ee r_and Its Relation to Irrigation’, by the late Samuel 


yale : . C. E., and Harry F. Blaney, M. Am. Soc, C. E., Tables 55 and 


; 
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the Hazen formula™. One-half the hydraulic value of the particles corre- 
sponding to the 300-mesh sieve is assumed for the sediment passed through 
this sieve. Although this class of sediment constitutes a considerable portion 
of the total concentration, its work during the settlement is relatively small. 
The silt samples shown in Table 8 are the nearest to the bed of the canals, 
being in both cases 0.2 ft above the bottom. With the density of the sedi- 
ment assumed as 2.65, the values of the coefficient, a, are equal to 0.76 and 0.93. 
The lack of information in regard to the stability, and especially in regard 
to “degree of concentration” of the sediment, makes it difficult to appreciate 
these values. 

Degree of Concentration—tThree states of the flow carrying the sediment 
are distinguishable: (a) The over-loaded flow; (b) the normally loaded flow; 
and (c) the sub-normally loaded flow. The criterion for this general classifica- 
tion is the relation of the sediment load to the kineticity of the flow. 

The flow, with a certain kineticity, will only carry the definite sediment 
load, provided, of course, the necessary quantity of sediment is supplied. 
This will be a normal sediment-loaded flow. Any increase in the supply 
of the sediment will over-load the flow with the result that the extra sup- 
ply will drop. On the contrary, the under-loaded flow tends to pick up the 
material from the bottom and will scour the channel, depending upon the bed 
resistance. If the sediment is non-cohesive, there would be a tendency 
toward the normally loaded flow. 

The value of the coefficient, a, depends upon the degree of sediment con- 
centration. For the normally loaded flowing water in a stable channel, it 
seems possible to suggest that the value of a would be equal approximately 
to a unit if the sediment at the bottom and the kinetic factor are considered. 
[t is difficult to obtain a representative sample of the sediment transported 
at the bottom, due to the merging situation. If the sediment from the bot- 
fom is considered, the nominal sediment concentration may be computed from 
Equation (35) on the basis of mechanical analysis of the bed material and 
ander the assumption that a = 1. 

Sediment Concentration at the Bottom.—Twelve mechanical analyses of 
xed sediment in the Imperial Valley canals for various stations, at distances 
xf 48 to 104 miles from the river, are given by Messrs. Fortier and Blaney”. 
[he result of the calculation of the mean hydraulic values, wm, for these 
‘amples ranges from 0.023 to 0.047. However, the several highest values of wm 
1ave been influenced by the local conditions, as the wind-blown sand changes 
he character of the bed deposit. The average value for all twelve stations 
s 0.0324, and it is reduced to 0.03 if the three highest values are disregarded. 
[he value of the kinetic factor for the Imperial Valley canals is analyzed 
n another part of this discussion (see “Stable Canals of Imperial Valley 
Project”). Its average value is equal to 0.117. Substituting this value into 
Mquation (35) and assuming ps = 2.65, the concentration, 4, is 0.73 (per- 
entage by weight). This number corresponds to the mean hydraulic value 


% “Distribution of Silt in St ae oe ret by J H. Christianson, J'ransactions, Am. 
yeophysical Union, 1935, Pt. II, p. 

82 “Silt in the plored? River and Its Relation to Irrigation”, by the late Samuel 
Fortier, M. Am. Soc. C. H., and Harry F. Blaney, M. Am. Soe. C, B., Table 49, p. 72. 
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of 0.03, and the concentration will vary directly with wm and K. Mores 
information on this point is needed, but the writer believes that the foregoing 
value is more or less comparable to the concentration of the normally sedi 
ment-loaded flow in the Imperial Valley canals. It should be noted that thes 
foregoing consideration refers to the non-silting non-scouring canals. 

With reference to the canals of British India, the writer has in his posses- 
sion® the analysis of the sediment from the bed of the Sutlej River which 
was considered by Kennedy as one of the typical analyses corresponding to his 
formula, 


Vo = 0.84 do A sia. one 


This analysis is as follows: 
Hydraulic Hydraulic 


value, Percentage value, Percentage 
w, in by w, in by 
feet per second. volume feet per second. volume 
OROOMCO OPO Dies steers lel: O620EGo, OF 30 wirats, ete q 
O05" 07 0 LO eae to 0) 720+to 024057. ae 
OPLORtOnOMLO Secs cane 25 0540;sto: OF 5022. sects o. 
Of Loetor Ol 20cm. eel: 


The mean hydraulic value of this sample is equal to 0.114, or approximately, 
four times larger than the bed sediment of the Imperial Valley canals. Sub- 
stituting into Equation (35) and taking K = 0.0415 (for Equation (36)™) 
ps = 2.65 and a = 1, the concentration is approximately equal to 0.0242% by: 
weight, or approximately a ratio of 1 to 4180 by weight. This quantity is 
comparable to the sediment concentration of the Sirhind Canal which takes 
its supply from the Sutlej River. The concentration in this canal ranges 
from 1 in 3300 to 1 in 9000 by volume*. The highest concentration causes 
the silting, whereas the scouring was observed at the time of low concentra 
tion. Therefore, it may be assumed that the average (approximately 1 to 400 
by volume) is the normal concentration that is more or less comparable ta 
1 in 41380 by weight. The foregoing calculations are approximate, but tha 
purpose of their presentation is to indicate the existence of a quantitative 
relation between the kinetic factor and the sediment at the bottom of tha 
stable channels. It is also possible to show that the kinetic factor anc 
the “pressure gradient” near the bottom are directly related. 

Coefficient of Hydraulic Similitude and Hydraulic Number.—The knowledge 
of the kinetic factor is not sufficient for determining the dimensions of ¢ 
stable channel. In addition, one of the two other factors should be known! 
Either the coefficient of hydraulic similitude, denoted as Y: 


ae . 
or, the hydraulic number, N, related to Y by the equation: 
YSN I andes davies oe ke ee (38% 


“The data are taken fro 0 
“i T m the writer’s publication on “Si 
Canals (Petrograd, 1915), which was the result of his trip to Britiee main” ie | 
Transactions, Am. Soc. C. B., Vol. 100 (1935), p. 853. ‘ 
t 


j 
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The coefficient of hydraulic similitude defines the condition that the dis- 
harges of similar stable channels are in proportion to their hydraulic radii, 
aised to the third power. The hydraulic number gives the relation between 
he other two factors. Representing area of cross-section of a channel by 
i = 8 FR’ and substituting the values of K and Y from Equations (29) and 
87), Equation (88) gives: 


ees 0.5 B 
IN lays, Ae EP an fei See ticeret ste lee oa oe CODD) 


n which £ is a “hydraulic” shape factor. The writer has presented the values 
f these factors elsewhere”. The rectangular cross-sections in this paper 
urnish an opportunity to examine this type of channel by applying the afore- 
nentioned factors. For a stable channel of rectangular form, the relation 


etween depth, hydraulic number, and width-depth ratio, r = B , is expressed 
d 


yy the following equation: 


ay, Sec ES SR ae a a Ap (40) 
yhich indicates that the depth in the rectangular non-silting non-scouring 
hannels depends upon only the hydraulic number and the width-depth ratio. 
iquation (40) is presented by a series of diagrams on Fig. 9. by substituting 


or r, its equivalent, = Equation (40) may be rewritten in a form, giving the 


irect relation between the depth and the width. 

The paper includes two diagrams, Figs. 1 and 2, which give the velocity 
epth and the bed-width-depth relation for numerous formulas. It is natural 
hat the critical velocity-depth relations (Fig. 1), being contingent on the 
‘inetic factor and the character of the sediment, should vary considerably. 
"he formulas of the type of Equation (1) are analyzed elsewhere in this 
iscussion. 

In regard to the equations for width-depth relation (Fig. 2), the author, 
aking the width corresponding to the 5-ft depth for two formulas, the Moles- 
rorth-Yenidunia formula and the Lindley formula, remarks that a ratio of 
qaximum to minimum is of 781 per cent. It is also natural that the bed- 
ridth corresponding to the same depth must vary considerably, as it ig 
ependent upon the hydraulic number, as illustrated by Fig. 9. 

The width-depth formulas and the velocity-depth equations should be 
tudied together if they were developed for the same conditions. Two pre- 
iously mentioned formulas, the Molesworth-Yenidunia for S = 0.00010 and 
00007, and the Lindley formula, are drawn on Fig. 9. Their positions are 
uite consistent with the remainder of the curves. An hydraulic number 
f about 20 is rather typical of the Egyptian canals, whereas that of the 
indley formula lies between 35 and 45. However, it should be repeated 


OE oS a ae 
 % Transactions, Am. Soc. C. E., Vol. 100 (1935), pp. 853-855, Tables 5, 7, and.8. 
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that the curves in Fig. 9 are for rectangular channels. Their application tog 
other forms of channels, therefore, has some limitations. i 

Stability of Rectangular Cross-Sections.—Assuming the values of the 

kinetic factor, the hydraulic number, and the width-depth ratio, the other 


40 


~\ A 
al ee Ss Ry 
3 BS ay 
4, 
30 ate] 2 oF 
25 =i 
& 
20 5 RY 
Nz ae 
\S) ~ 
x és 
15 ral at 3 Ne 
Ss bo AES 
Ry ASE 
ps Ee 
F 
xg 
10 N EN 
= i 
3 8 
€ - G 
s NZ Ss 
oS 6 
g 
3 9 
= 1 
4 + % 
NW 
) 
3 LZ 
> 
SS S 
waAks | 
2 AQ 
YS | 
- Gs : 
T G 
y ‘ 
s 
1 
2 3 4 6 8 10 15 20 25 30 40 
Values of Width-Depth Ratio, r 
Fig. 9.—DpnrprH, WiptH-DrprH, RATIO, AND HyDRAULIC NUMBER 3 


FOR RECTANGULAR, NON-SILTING, NON-SCOURING CHANNELS. $ 


hydraulic elements can be calculated for the rectangular cross-sections. For 
the computation of the corresponding discharge, the following formula applies = 


nee Se Pk Ube ete ia hoe aunts: eee an 
oe | | = | 


r 


Table 7 gives the depth and velocity for the various values of K, H, and r- 
It is obvious from Equation (30) that the velocity changes in proportiont 
to the square root of the kinetic factor. For the same width-bed ratio, the 
influence of the hydraulic number upon the velocity is that the latter varies’ 
in reverse ratio to the hydraulic number. } 

The width-bed ratio of the cross-sections in Fig. 3 is given in Item Nos. 1, 
2, and 8, of Table 7. Considerable variations of the velocity should be noted 
for the cross-section that has the same width-bed ratio. For example, 


eer 
a 
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range of velocities in cross-section, r = 5.95, is from 1.71 to 6.82 ft per sec, 
depending upon the values of K and N. The examination of the velocities 
for the same value of K and N (vertical columns) also shows that they vary 
considerably They increase with the growing value of the width-depth ratio. 
There is a practical limit for the increase in the velocity, mainly because 
of irregularities in the bottom of the canal. However, for a given value of K, 
WN, and Q, the only section of a definite width-depth ratio will be stable, at 
least theoretically, for the non-cohesive sediment. 

For an illustration of the manner in which the foregoing relations could 
explain the condition of unstable channels, an example is presented. Among 
Lacey’s data® there is a cross-section of the Upper Bari Doab Canal, which 
has “a velocity approximating Kennedy’s regime velocity, yet it had scoured 
its bank for 20 yars past.” The actual section of this canal is shown in the 

8.1 Ft 66.0 Ft 


solid line on Fig 10. A “normal” section is drawn in dotted lines, and both 

hee 

Y 46.3 Ft | 
9.8 = a Ls 9.8 Ft 


tat 4 WA | Yj 


Fic. 10.—AcTUAL AND NORMAL CROSS- Fic. 11.—VariATION oF NoN-SILTING, NON- 


SECTIONS, UPPER BARI DoasB_ CANAL, Scouring Sections, Hast Hi1GHLIND 
MAIN BRANCH. CANAL, AT B HEADING, IMPERIAL VALLEY, 
CALIFORNIA. 


sections are assumed to be of the rectangular form. The “normal” section 
is determined, using the same discharge and assuming that K = 0.0415 and 
WN = 35.3, the values that are in Kennedy’s formula for this project. Com- 
paring the two sections, the canal scoured to the depth of 9.9 ft instead of 
the “normal” depth of 9.5 ft, but its “normal” width should be 16.2 ft wider. 
This condition naturally causes scouring of the banks, which apparently are 
more resistant than the “normal” ones should be. 

Formulas of the Type of Equation (1)—This type of formula has been 
used extensively for the expression of the relation between the critical velocity 
and depth, as is well illustrated by Table 1. The same kind of formula, 
however, can be developed from the data of Table 7. For example, for a 
velocity and depth corresponding to K = 0.04 and N = 40, four variations 
of Equation (1) may be written with two unknowns, 0 and n. Numbering 
these equations (A), (B), (C), (D), in the order of the bed-depth ratio values 
in Table 7, there are six combinations of these equations for finding the 
unknown value of the exponent, n. The results are as follows: 


Combinations Values Combinations Values 
of Equations: of n: of Equations: of n: 
(A) and (B)...:...0.87 CB) andi) .aa. +5060 
a and. GUO ) aids ae 502.98 (Byeands CO) ens. 0200 
(A) and (D)......0.61 COJsAnGY CD) cc toed 0.54 


An examination of these and similar data for the other values of K and WN, 
leads to several interesting conclusions. 
36 “Stable Channels in Alluvium”, by Gerald Lacey, p. 289. 
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The exponent, n, is not influenced much by the values of K and N; it 
depends primarily upon the width-depth ratio. The larger this ratio, the 
smaller the value of n will be. Its limit is equal to 0.50 for a channel of 
indefinite width. The range of the width-depth ratio in the canals that have 
been observed for the development of a specific formula of the type discussed, 
mainly if not primarily determines the value of n. The more channels with 
small width-depth ratios that are included, the greater will be the value of n. 
For instance, the width-depth ratio in the twenty-two cross-sections of the 
Bari Doab Canal which served for the development of Kennedy’s formula, 
with n = 0.64, ranges from 3.5 to 12.7, the group from 3.5 to 5.0 constituting 
more than 40 per cent. For the data given previously, 0.66 is the average of 
all six values of n, and this average would be 0.57 if Equation (A) pertainng 
to the lowest value, r = 3.20, is excluded. Assuming 0.57 for the exponent, n, 
the values of Coefficient C would be as follows: 0.85, 0.92, and 0.93, the mean 
being 0.90. Consequently, the form of Equation (1) becomes: 


Vo? = 0.90 0d. hte nS i Dates eee 
The value of C for the others, K and NV (Table 7) in the formulas: 


V — GER Sie 10) Witeltede: eis (6) allietedace. oat ciehatan eiatrenants (48) 


and 


VS OP io 2 Re eee 


is given in Table 9. 


TABLE 9.—CoeErricient, C, IN Houtireke FOR VELOCITY IN RecTANGULAR 
STABLE CHANNELS 


. Hypravutic Numser, N = 40 Hypravutic Numser, N= 20 
Description 
Kinetic factor, Kinetic factor, Kinetic factor. Kinetic fact: “— 
K =0.04 =0.16 K=0.04 ' e018” 
Equation (43) . 1.135 2.27 
Equation (44) . 0.90 1.80 0.82 164 


It is of interest to mention that Lorenz G. Straub, Assoc. M. Am. Soe. 
C. E., found the exponent to be equal to 0.56 for the non- siten S, non- ie 
conition 4 in his study on the bed-sediment transportation.” 

Unlike the exponent, n, which is practically independent of the idnetif 


factor and the hydraulic number, the value of the coefficient, C, depends upon | 
both of them. For the same value of n and r (rectangular channels consid- 


ered), the ratio of the C-values may be expressed by the equation: 


G; =i K, 0.50 N, 2n-1 | 
em ea We) courses (45) 


“Hydraulic a 
Dssoe M. Am: aes me Sedimentary Characteristics of Rivers’, by Lorenz G, Straub, 


E., Transactions, Am. Geophysical Union, April, 1932. 


ae tae 
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A similar type of equation may be developed by using one-half, or the 


‘entire width, of the channels. If d in Equation (1), is equal to B 
s 2 


? 


the coefficient, C, will change slightly, but the exponent, n, will be noticeably 
less than in an equation of the usual type. 

Stable Canals of Imperial Valley Project—William T. Collings, J r., M. Am. 
Soc. C. E., has published the hydraulic elements for six canals of the Imperial 
Valley Project®. His data have been used by the writer in preparing Table 10, 


TABLE 10.—Generat Hypravunic Factors, Canats IN THE IMPERIAL VALLEY, 


CALIFORNIA 
DiscHaren, Mman og 
Qin Custc Mee Van 38 ) 
EET PER IN Fent Baten |i] 
Item 4 Smconp, PER Snconp, | Hydraulic Mean FoR 8.8 
No. Canal Location Ranaine: RanGina: slope, S os 3.2 23 
ee laa a8 
a 
From To From To s Ek LE 
(1) (2) (3) (4) (5) (6) (7) (8) (9) | (10) 
AIA), =. <)>: «:6i:« Alamo Mocho, Meter Sta- 
Sone : tion, in Mexico........ 2900 | 8 600 | 4.6 5.0 0.000255 | 0.127 | 19.6 | 54.9 
2 East Highline, . By? Heading) JF. 2.8 705 | 1 300 3.5 4.4 0.000322 | 0.108 | 12.1 | 37.0 
3 | Central Main 
Canal Jia 1% ae Mocho Meter Sta- 
Seta a aia gale shea tt) 500 750 3.5 4.0 0.000440 | 0.120 | 13.1 | 37.7 
A MBTIOR Ss) <,0,0.5/5.0 Tnternalona Boundary 
WY fies RR creole 180 230 2.9 3.1 0.000382 | 0.115 | 15.3 | 44.5 
5 | West Side..... eae Meter Station.}| 400 750 | 2.8 erg) 0.000525 | 0.063 | 5.7 | 22.7 
6 | West Side Main 
Canali e525 Drain Meter Station, in 
California .i%. oc. c.006 450 650 2.9 3.4 0.000380 | 0.064 | 4.9 | 19.3 


giving the general hydraulic factors for these canals. For the first four 
canals (Items Nos. 1, 2, 3, and 4), all the sections but one have been taken, 
which are considered by Mr. Collings as non-silting, non-scouring sections. 
Average values for the kinetic factor, coefficient of hydraulic similitude, and 
hydraulic number are presented in Columns (8), (9), and (10), of Table 
10. These data permit the division of these six canals into two groups. 
The first group consists of the four canals (Items Nos. 1, 2, 8, and 4) 
having practically the same kinetic factor, which ranges from 0.108 to 0.127, 
the average being 0.117 + 8 per cent. The two remaining canals (Items Nos. 
5 and 6) belong to the second group, having practically the same kinetic 
factor (0.063), but it appears that both canals are not stable and the material 
composing their cross-sections differs greatly from that made by the sediments 
of the Imperial Valley Canal. In regard to Item No. 5, Table 10 (West Side, 
Main Canal, Boundary Meter Station, California), Mr. Collings made a 
remark that “the sides and bottom show a hard and tight clay, and an eroded 
rough surface.” The other canal (Item No. 6, Table 10) is called “self-main- 
taining” by Mr. Collings: “What silting may take place at low heads is 
relieved when these heads increase, and no cutting of the banks takes place 
at maximum heads.” It should be noted that the hydraulic number is about 


33 Transactions, Am. Soc. C. E., Vol. 99 (1934), p. 549. 
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20 in these two canals, or approximately one-half as much as in the canals; 
of the first group. These values of kinetic factor and hydraulic number are} 
comparable with those that have been found by the writer in eroding drainage } 
channels.” Hence, the writer is inclined to believe that the second group} 
belongs rather to the canals scoured in “earth”, whereas the first group is} 
typical for the Imperial Valley canals, which are built up, or strongly affected, , 
by the sediment transported by the system. Accepting the kinetic factor, , 
K = 0.117, as a typical one for this project, the equation for the mean critical | 
velocity will take the form: 


Vs cosines eee 


Equation (46) covers a considerable range of discharges, from 180 to 8 600 ) 
cu ft per sec, and of velocities, from 2.9 to 5.0 ft per sec. 

Influence of Fine Particles—For estimating the cohesive force between t 
the particles, Dr. Herbert Chatley suggests the following formula”: 


in which D is a diameter of the particle, in centimeters; and Ve is a velocity’ 
in centimeters per second, which will just produce the necessary friction force } 
to rupture the molecular bonds; that is, to erode the fine material. 

Although the application of Equation (47) is perhaps limited, it offers at 
concrete idea as to the influence of the fine particles on scouring. This is 
illustrated by Table 11 in which the velocity, Ve, is computed by Equa-- 


TABLE 11.—Eropine Vetocity AND Hyprautic VALUE 


Eropine VELociry, 


ay 
Diameter e Hydraulic 
Class of particle , in ————— oe me 
W17 oN n feet per — 
millimeters + rete iti duet Gee z seounad 
Seroad second 
Fine gravel to coarse sand..............4. 1.00 0.2 0.0066 0.3280 ) 
Fine sand to very fine sand............... 0.10 2.0 0.0656 0.0262 
Very. fine sand to'silt. 0. ..60..'.esie cess vieeies 0.05 4.0 0.1312 0.0095 
el Need feb v an One as Bclaine.eslaw niciti dei aes hgeiit aoe 1.3120 0.0001 i 
OU GOS vishale Meteor itets charset gic be Water reba he ‘ 00.0 6.5600 0.00004 — 
(OE VET .gauS op An OS Rane a Mee Re Q.000%; [. cistitte St te Ml. alate geo ueeeadl e oe 
eoua“_»qaqoanw@a—eeeO—*oeODooOOOoOoOOO ee ww”™« eee ‘ 


tion (47). There is no definite limit to the size of colloidal particles, but it is 
generally assumed that particles with a diameter smaller than 0.001 mm: 
(1 micron) are colloidal. For such particles, V, = 6.56 ft per sec. On the: 
other hand, the hydraulic value of a particle represents the gravity action in| 
the water and is equal practically to zero for colloids. The relative values 
of cohesion and gravity for other sizes of particles are given in Table 11. 
There is a large portion of the material in sediment and soils of the 
Imperial Valley Project, which passed a No. 300 sieve (D = about 0.0048 


[. Lpansnotnns, Am. Soc, C. E., Vol. 100 (1935), p. 857, Table 8. ; 
1929, A tok in the Theory of River Bngineering”, by Herbert Chatley, Lond., 


} 
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mm), that approximately separates silt and clay. The presence of colloids in 
this class makes the sedimentary material rather coherent and considerably 
affects the scouring resistance, especially of the banks of the Imperial Valley 
canals. The steep banks of the channels in many localities, including the 
Imperial Valley, are explained by the cohesion forces of the very fine 
particles. 

Silting and Scouring Limits—There are two critical conditions or limits 
in a non-silting non-scouring channel. The low limit—the non-silting sec- 
tion—is the point at which the deposition of material stops. The upper limit 
—the non-scouring section—is the point at which the scouring begins. It has 
been established that even the sediment recently deposited would not scour 
again until the velocity was increased to the larger value of the silting velocity. 
The extent between these two limits might be considerable. 


TABLE 12.—Generat Hypravtic Factors; East Hicniine Canan at “B” 
Heapine; Impertan VALLEY, Cauirornia (S = 0.000322) 


Hydrau- : Dis- _,. | Coceffi- 
he Velocity,| charge, Kinetic | cient of | Hydrau- Depth,| Width, | Width- 
Item Date radius, ae Q, in factor, | hydrau- lic d,in'| B,in’ | depth 
No. R, in feet per} cubic K lic | num- Feat foot ratowr 
peed second | feet per simili- | ber, ay 
second tude, Y 
| 1 | 1- 7-1928 3.42 2.16 405.6 0.042 10.1 49.3 4.0 46.5 11.6 
2 (12-25-1928 3.35 3.25 593.5 0.098 15.8 50.5 3.9 46.6 11.9 
3*)11-19-1928 3.68 3.47 705.1 0.102 14.1 44.4 4.4 46.8 10.7 
4*) 1-28-1928 3.94 3.62 801.2 0.103 13.1 40.8 4.7 46.6 9.9 
_5*/10-10-1928 4.17 3.83 900.4 0.109 12.4 37.4 5.1 46.1 9.1 
6*|10-27-1928 4.45 3.90 1 000.9 0.106 11.3 34.8 5.50 46.6 8.5 
7*|10-21-1928 4.61 4.10 1 100.6 0.113 11.2 33.4 5.7 47.0 8.2 
8 | 1-28-1928 4.66 4.45 1 201.6 0.1382 11.8 32.6 5.8 46.4 8.0 
9*| 9-— 4-1928 5.03 4.35 1 301.6 0.117 10.2 29.9 6.4 46.3 7.3 
10 | 5-23-1928 5.00 4.69 1 399.7 0.137 11.2 30.2 6.3 47.0 7.4 
11 | 7-28-1928 5.60 4.58 1 598.5 0.116 9.1 26.7 7.3 47.4 6.5 


* Sections considered_non-silting and non-scouringjby{William T. Collings, Jr., M. Am. Soe. C. E. 


As a demonstrative example in Table 12, Mr. Collings’ data for the East 
Highline Canal, at “B” Heading, are used once more. Among the eleven 
observations, six are considered by Mr. Collings as non-silting non-scouring 
cross-sections. It appears that the first of these sections (Item No. 3, Table 
412) is for the conditions when the silting stops, and the last observation 
(Item No. 9) is the upper limit related to the beginning of scouring. Since 
the kinetic factor in all the six observations is approximately the same, indi- 
eating that the conditions at the bottom do not vary much, attention should 
be directed to the stability of the banks. The widths of cross-sections shown 
in Table 12 and calculated under the assumption that the channels are of 
rectangular form, remain constant, their average value .being 46.5 ft + 1 
per cent. This fact proves the stability of the banks, although the velocity 
gradually becomes greater with the diminishing width-bed ratio, both condi- 
tions tending to intensify the scouring action of flowing water on the banks. 
The degree of sediment concentration in flow at the time the measurements 
were taken, and the character of material composing the banks, are not 
known to the writer However, an examination of Table 12 as well as con- 


+ 
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sideration of other data, suggests that the value of the hydraulic number t 
is a controlling factor of the stability of banks. 
The hydraulic number becomes smaller in all the eleven cross-sections, , 
ranging from 44.4 to 29.9 in the six stable sections. The other three stable» 
canals indicated in Table 10 have the same diminishing tendency in regard | 
to the hydraulic number. The study of canals in British India leads thee 
writer to a suggestion® that their average hydraulic number is about 40.. 
The average value of N for the four Imperial Valley canals, cited previously, 
is 43.5 and exactly 40, if the Alamo Canal is omitted. However, the range of 
these values is great, being approximately 65 to 30. The variation in flow 
when it extended beyond the non-silting and non-scouring limits, the large 
velocities, the difference in resistance of bed and banks, and the influence of 
original designs and methods of maintenance are probable reasons for such 
a range in the value of N. The hydraulic number in the two unstable canals 
of Table 10 has also the same diminishing tendency, approaching the 
value of 20. A reference has already been made to several erodible drainage 
canals” in which the hydraulic number varies from 15 to 22.50. The tendency 
for some of the foregoing values to coincide suggests that a hydraulic number 
equal to about 20 is the average upper limit for stable channels in “earth.” 

Variations in Discharge—Examination of Table 12, and the previous 
remarks in regard to the non-silting and non-scouring limits for a cross- 
section, seem to indicate a method for the design of a canal with a varied flow. 
Two sections are drawn on Fig. 11. One section in solid lines is the actual 
section of Item No. 9, Table 12; that is, the upper limit mentioned previously. | 
Another section in dotted lines is the non-silting section for the same dis- 
charge of 1301.6 cu ft per sec, but the kinetic factor and hydraulic number 
are of Item No. 3 (Table 12); that is, the low limit. These two sections, or 
any intermediate section, might be taken for a prototype to compute and! 
design the section corresponding to the given discharge. Each of these sec- 
tions will be stable. Incidentally, that is one of the principal reasons for the 
large variation of width-depth ratio in the canals of the Imperial Valley. 

If the discharge is variable, the upper limit may be used for the maximum 
discharge, or the low limit for the minimum discharge. The spread between 
these two limits will determine the possible variation in the discharges. If the: 
spread could not include the given variation in discharge, it would be: 
impossible to design a stable channel. There remains the possibility of £ 
devising a more or less “self-maintaining” channel with an unvarying ten-- 
dency to silt or scour, the latter usually being preferable for irrigation canals. . 

All-American Canal.—Among the various factors introduced and discussed, , 
the writer has intended mainly to bring out the importance of two factors, the 
kinetic factor and the hydraulic number, which, in his opinion, may be at 
as criteria for the stability of a channel in erodible material. Its bed stability; 
is controlled by the kinetic factor, whereas the hydraulic number is related! 
to the scouring resistance of banks. 


* Transactions, Am, Soc. C. B., Vol. 100 (1935), p. 853, Table 5. 
* Loc. cit., p. 857, Table 8. 
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The author presents a study based on the design of the All-American 
Canal, and it would be of interest to see how the writer’s discussion might 
be applied to the cross-sections adopted for this canal. The hydraulic 
elements” are, as follows, for its largest section: Q = 15155 cu ft per sec; 
A = 4041.3 sq ft; V = 3.75 ft per sec; R = 16.63 ft; d = 20.61 ft; and, 
by computation, K = 0.02626 and N = 20.33. 
| Assuming a rectangular cross-section, the foregoing values of K and N 
yield values of d = 19.9 ft and r = 10.2. A point corresponding to this 
depth and width-depth ratio is shown in Fig. 9 (see Point A, the All-American 
Canal) near the curves for the Egyptian canals, indicating that conditions 
in such channels are more or less similar to those assumed for the design of 
the All-American Canal. 

The foregoing kinetic factor in the All-American Canal is not comparable 
fo its prevailing value in the Imperial Valley on account of the proposed 
desilting works. A proper procedure for checking its value by Equation (35) 
would be to determine the “sediment equivalent” from a mechanical analysis 
of silt that is assumed to enter the canal; but such an analysis has not been 
made as far as the writer is aware. The concentration of the sediment near 
the bed should be known. Assuming that this concentration would be 10% 
higher than the average and that the coefficient, a4, = 1, the mean hydraulic 
value computed from Equation (35) is wm = 0.01 sec-ft. This hydraulic value 
corresponds approximately to the 280-mesh sieve, but that gives only a general 
indication of predomination of the finest particles in the sediment. Further 
study is required to derive a quantitative expression of the relation between 
the hydraulic number and the resistance of the material composing the banks. 
However, it is of considerable interest to note that the hydraulic number in 
the All-American Canal (NV = 20.33) coincides with the value of 20, which 
has been suggested in the discussion as the average hydraulic number for 
eanals in “earth.” _ 

Assuming that the proposed cross-section of the All-American Canal would 
tend to adopt a shape corresponding to the kinetic factor and hydraulic num- 
ber as calculated previously, its depth should be less, whereas the width 
should be greater, than in the proposed cross-section. In other words, there 
might be a slight tendency to scour especially along the low parts of banks. 
Assuming, furthermore, that the hydraulic number is correct, this tendency 
to scour would be slight and would occur only at the time of full flow in the 
canal. The smaller the flow and, consequently, the cross-section, the greater 
will be the tendency for the silting to develop. These conditions, as the 
writer understands them, are desirable for the Imperial Valley because 
the collection of the settling sediment in the main canal is preferable to its 
conveyance to the distribution system. 


W. M. Grirritu,“ Esq. (by letter).“"—Because it gives no new data, or 
mathematical reasoning to support or refute theories already advanced on this 
interesting subject, this paper is disappointing. 


4 Engineering News-Record, October 17, 1985, p. 539. 
44 Cambridge, England. 
44a Received by the Secretary May 19, 1936. 
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Fig. 3 was presented to show that high velocities extend closer toward the 
sides in the narrow, deep cross-sections than in the broad, shallow ones. This 
fact in itself would not appear to offer a satisfactory explanation to the well- 
known phenomenon that channels carrying heavy silt loads tend to adopt broad 
shallow cross-sections because, for any given discharge and surface slope, chan- 
nels will be found to carry heavier silt loads if they are given broad shallow 
cross-sections than if they are given deep narrow ones, even if the sides are 
protected against erosion by a non-erodible lining. 

The author quotes Mr. Kennedy’s classic formulas (1)“’ of relationship 
between velocities and depth of non-silting channels, and a large number of! 
subsequent formulas, based on the same form of analysis of existing canal 
systems, in many parts of the world, which have values in many cases different; 
from those of the channels cited by Mr. Kennedy. All these equations are in 
the form, Vo = C d" (see Equation (1)) in which Vo is the velocity that gives 
stability, and d is the depth of the channel section. 

He also quotes Mr. Lacey’s formula (18) (see Equation (7)), which may 
also be written in the form, 


and the essential difference between it and those based on Kennedy’s studies, 
is that it claims that the stable velocity is a function of the hydraulic mean} 
depth of the channel, and not of the depth of the channel. It is a more logical! 
formula, in that the principal function, R, is governed by the general shape? 
of the section, whereas d, the depth, is not. In an irregular cross-section it 
might be difficult to decide what value to take for d; that is, the average depth 
of the bed, or the maximum depth of the bed. 

In consequence, it is not surprising that the values of the indices in these 
formulas based on Kennedy’s studies differ. Kennedy did not claim that 
his formula was a basic law applicable to all channel sections; it referred to the: 
Lower Bari Doab channel sections, which had approximately the same type of 
cross-section; namely, side slopes averaging 1 on 0.5 and presumably a bed| 
level across the cross-section. 

It has been found that none of these formulas has a universal application | 
and opinion has been expressed that it is not possible to write formulas for silt t 
transportation and the hydraulic conditions governing a stable section, that! 
have more than a local application. ; 

In a paper entitled “A Theory of Silt and Scour”, the writer outlined a1 
theory of silt transportations and the hydraulic conditions governing stable : 
channel sections, which he advanced as the result of experience both in river: 
training work and canal maintenance. This theory was based on the assump- * 
tion that the power to transport silt depended only on the relative strength | 
of the vertical or resultant vertical eddies, and was independent of that of 
horizontal eddies or of resultant horizontal eddies. 

The main observation on which the theory was based was as follows: At. 
any point in a flowing cross-section heavily charged with silt, if the velocity | 


*#> For reference to fi ‘Bini ’ f 
C, B., November, 1935. p. Bree in parentheses, see “Bibliography”, Proceedings, Am. Soe, , 


© Minutes of Proceedings, Inst. C. H., Vol, 223 (1927) pp. 248 to 251. 
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is reduced artificially the depth is found to reduce automatically due to silt- 
ing, and if the velocity at a point is increased, the depth is found to increase 
due to scour. 

In consequence, ne writer was led to the conclusion that Kennedy’s rela- 
tionship between depths and velocities (Equation (1)) was in reality a basic 
law of silt transportation, not for channel sections considered as a whole, but 
giving the connection between the silt charge transported and the hydraulic 
conditions necessary for its transportation at a point. 

It follows from this general assumption (that in a flowing section, 
equilibrium at -all points requires that Equation (1) shall be satisfied, and 
from Chezy’s basic law, that if the value of the exponent, n, is equal to 0.5, 
‘the section can be in equilibrium whatever its shape. On the other hand 
if the value of n is less than 0.5 the section must be deep and narrow, for 
equilibrium, and vice versa. As natural sections carrying heavy silt charges 
are invariably broad and shallow it follows that the value of n must be 
greater than 0.5. 

In the writer’s paper® referred to, the value of m was assumed to be 0.64. 
As the examples dealt with were for river beds of shingle and boulders this 
value was consistent. For sand, however, a lower value of n is indicated. 
Arguing mathematically from this basic assumption it follows, considering 
any cross-section, that for equilibrium as a whole, by integrating Equation (1) 
across the section the condition for equilibrium is that, necessarily, 


Wop = Gude ails Malso bots Soe en C48) 


in which V» is the mean velocity of the entire cross-section and dm is the 
mean depth. In Equation (48), as in Lacey’s formulas, the main function 
governing the critical velocity (that is, the mean depth) is controlled by the 
shape of the cross-section. On the other hand, while from this theory it 
follows mathematically that the bed of the cross-section for equilibrium must 
be level across the section, Lacey postulates a curved bed which, in its true 
form, he claims to be semi-elliptical. 

The difference between Equation (47) and Equation (48) is fundamental, 
because the sum of the eddies created by the friction of the flow is a function 
of R, the hydraulic mean depth, whereas the sum of the vertical eddies 
only, or their vertical components, is a function of dm, the mean depth. 

In other words Lacey postulates a semi-elliptical stable cross-section and a 
law of silt transportation depending on all eddies created by the flowing 
section, and the writer, a cross-section having a horizontal bed and a law of 
silt transportation depending on the vertical eddies or the vertical components 
of the eddies only. 

The writer advanced his theory as a general theory of silt transportation, 
but, in reality, it relates to loose granular material, such as boulders, 


. Lae os ee 
shingle, and sand, graded down to a size of the order of 200 in. in diameter. 


but it does not relate to the transportation of a silt charge containing only 
such light material as is held in suspension and transportable under the 
action of all eddies. 
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In practise, normally, a silt charge will contain silt of both classes—heavy 
and light—but such a case is governed by the law that controls the heavier 
class only, because if the heavier class is transported, the lighter material 
will remain in suspension automatically. There are cases, however, in which 
the silt charge consists of very light material only (such as clay, organic 
matter, and sand of an extreme order of fineness), and in such cases the 
theory advanced by the writer does not apply. The two different sets of 
conditions, perhaps, can best be illustrated by considering a canal or a canal 
system carrying at its head a heavy silt charge consisting of both classes of 
material. The sections of the channel or channels near the head will have 
horizontal beds and the beds will be of pure sand, the great majority of the 


; Lg a Naor ‘ 
grains being more than 300 in. in diameter. If the system is a long one, 


the silt of a heavier order will leave it through the distributing outlets which 
being situated near the bed level draw off the heavier silt particles. At the 
tails of this system, then, only light material will be left to be transported 
and the type of cross-section, if left to form its natural section, will change 
from a level bed to a curved bed, possibly elliptical in shape as claimed by 
Lacey. 

Now, in such a system the question of designing a non-silting section 
correctly is usually of importance only in the upper reaches carrying the silt 
of a heavy order, because the rate of settlement of silt of the lighter order 
is very small and the material settled on the perimeter at the tail of the sye- 
tem is not pure sand; it has binding properties and is useful for forming 
the channel banks. : 

If, therefore, as the writer suggests, there are, in fact, two different con- 


3 , and the other 


n 
™m 


ditions of silt transportation, one depending on the ratio, 


on ~ or eS it would explain why relationships argued mathematically from 
the latter formulas would not be applicable to the conditions pertaining in the 
Imperial Valley Canals, which carry silt of the heavy order. 

In Fig. 2 the author has plotted on logarithmic paper the mean depths 
against bed widths of a number of channels, including those considered to be 
in regime on different canal systems, apparently, with a view to determining 
whether any general relationship between bed width and mean depths can be 
established for non-silting channels. The result shows very clearly that no 
such relationship exists. 

If the general formula, Equation (48), is correct, if B = width at water 


surface, and Q is the discharge, then as Vm = Q : From Equation (48), 


m 


J28 = C d'n. Therefore, 
B dm 


August, 1936 GRIFFITH ON STABLE CHANNELS IN ERODIBLE MATERIAL 907 


Equation (49) would indicate that it is not possible to frame a general law 
of relationship between width and depth irrespective of the discharge or the 
silt load carried. 

Table 1 gives values of C and n (in a general formula of the Kennedy type 
—Kquation (1)) which are found to give values for non-silting channels in 
different canal systems in different countries. 

The differences in C are understandable as the silt load will vary with the 
conditions of the different rivers feeding the canal systems. The big differ- 
ences in value of n shown in Table 1, however, are illogical if all beds are of 
graded sand. In model experiments normal differences in the size of sand are 
found not to affect the coefficient of roughness. In the case of boulders, or 
boulders and shingle, where the vertical eddies are materially affected by the 
obstruction of particles of an entirely different order of size, a different 
value of n might be expected, but it is not reasonable to expect big differ- 
ences in silt containing graded sand. 

If, however, as the writer claims, Equation (1) is inapplicable to the 
channel section considered as a whole, and should be of the form of Equa- 
tion (48), then these differences are explainable. 

For example on the assumption of Kennedy’s law (Equation (1)), the 
data of the channels cited by Kennedy are found to conform to the equation, 


Vesa SAD OE anata s oil ots, yatta «Mite Skee DUD) 


(Table 1, Curve No. 17) and the Godavari Western Delta, Madras (Table 1, 
Curve No. 9), 
Vigan OG ted en eh ase aa Pete Col) 


This gives a wide difference in values of n. If, however, both sets of data 
are plotted in terms, not of d, the depth, but of dm, the mean depth, 
Kennedy’s data are found to conform to the law, 


Van P| 0.97 Cie iar ag EES: SORE MER Ont Bes (dae) 


and the Godavari Western Delta, Madras, to 
VM AL OGG te Seek og Hess s,s eRe) 


and this difference in the values of n has disappeared.” 

‘In his research the author is presumably seeking for the most efficient 
type of cross-section, namely, that relationship of width and depth which will 
give the channel its greatest silt-carrying capacity for any given discharge 
and surface slope. 

With Equation (48), the maximum silt-carrying capacity is attained when 


78 is a maximum. If B = the width at the water surface, 
shea 


ae iP Sn ai ted 
ee aay (54) 


48 “Stable Channels in Alluvium”, Minutes of Proceedings, Inst. C. H., Vol. 229 (1930), 
21. 


p. 3 
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and, therefore, 
V8 Oe ee ee 
, of oe oe ae 
Consequently, for any given discharge, the maximum silt-carrying capacity 
is attained for the cross-section in which B X dm is a minimum. 
Accepting, for sand, the value of n obtained from the data used by both 
Kennedy and for the Godavari Western Delta, Madras (that is, n = 0.57) 


; ait. : V : 
then the maximum silt is carried when srt has a maximum value, or 


for any fixed discharge when B X d*™, has a minimum value. If Kennedy’s 
equation is correct the maximum silt-carrying capacity is attained when 


has a maximum value. 


qd?" 
To compare these two different equations of silt-carrying capacity or 
efficiency, it is necessary to take some particular case as, for example, a 


channel having a discharge of 100 cu ft per see, a surface slope of aR 
and side slopes of 1 on 0.5, carrying a heavy silt load. 


TABLE 13.—Hypravutic Data Prertamina to Dirrerent CHANNEL SECTIONS 
(Discharge = 100 cu ft per sec; surface slope = on ; side slopes, 1 on 0.5; 
100 


and discharge is calculated by Kutter’s formula for n = 0.0225) 


ms ! oO a GH 
Fy e 2a 8 a3 6.8 a 3 
a a q @ 1 
i) : 3g ag Sn $8 g 3 
preheat ee che Be ck me be es Pa aR bt 
= 9 2 BS -3 1 ao 30 ‘8 % 
Item No.) 3A om ld. oO OBS = & a. |& g a is 
Bq pos] og fm oA ag oe ee 8 BS |S 
pe =” ws a8 =e oq ° P a ° Ee 3 
B | ° i 3 aro fa. g aos 8 a5 
£ 4 $23] 2 Bes Wad 3 i 2 3 2 2 
3 5 OSH 3 om ew 20% a Ces a 2 8 
a A < > = Ss > | @ I 
1 54.0 1.5 82.12 1,22 55.5 1.48 1,25 0.978 1.29 
2 47.0'| 1.6 | 76.98 | 1.30. | 48:6 | 1:64 | 11305} 01999. | 1/349 Oe 
3 43.0 1.7 74.45 1.34 44.7 1.66 1.335 1.003 1.387 0.97 
4 33.0 2.0 68.0 1.47 35.0 1.94 1.46 1.008 1.56 0.944 
5 23.0 2.5 60.62 1.65 25.5 2.42 1.652 1.00 1.80 0.920 
6 17.0 3.0 55.5 1.81 20.0 2.725 Vy 4 0.99 2.045 0.886 
7 13.5 3.5 53.4 1.88 17.0 3.14 1.92 0.98 2.23 0.842 
8 10.9 4.0 51.6 1.94 14.9 34467". |) 2.08 0.96 2.43 0.80 
9 8.8 4.5 49.6 2.01 13.3 3.7 2.13 0.945 2.60 0.772 
10 7.4 5.0 49.5 2.02 12.4 4.00 2.20 0.92 2.80 0.720 
11 5.9 5.7 49.87 20k 1156 4.30 2.30 0.875 2.98 0.675 


In Table 13 are given the calculated hydraulic data of eleven different 
designs of channel sections giving this discharge, ranging from a 1.5-ft depth, 


with 54-ft bed width, to 5.7-ft depth and 6.9-ft bed width. Values of 


0.57 
en 


V ; 
and ——are also given. 
d°**4 


Bd ' 


we 
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- 


Fig. 12, for this case, shows"that if the silt-carrying capacity is correctly 


: V : j 
expressed in terms of Fone as Kennedy suggests, the silt-carrying efficiency 


-Units 


1 
Sec 


Capacity to Carry Silt Load, in 


3 4 
Depth of Channel, d, in Feet 
Fic. 12. 


will increase uniformly and rapidly from a channel of 6-ft depth to 1.7-ft 
depth, at which time the maximum efficiency is reached, and a sudden change 
occurs in the efficiency curve. 


If, on the other hand, the correct expression is - , the silt-carrying 
™ 


efficiency at first increases rapidly as depths are reduced from 6 ft down- 
ward, but the curve flattens and shows little difference in silt-carrying 
capacity between a channel of 3-ft depth and one of 2.5-ft depth. The maxi- 
mum efficiency appears to lie with a channel 2 ft deep. 

The writer’s experience with channels of this discharge and slope indi- 


cates that in practice the expression, roe gives, more correctly, the value 
™ 


of silt-carrying efficiency of the various types of section. 


eee 
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LATERAL PILE-LOADING TESTS 


Discussion 
By Messrs. LAZARUS WHITE, AND Y. L. CHANG 


Lazarus Wuire,“ M. Am. Soc. C. E. (by letter).“*—The experiments made 
by Mr. Feagin and his associates are familiar to the writer and the paper 
describing them constitutes a valuable contribution in a field in which 
reliable information is scanty. The conditions under which the experiments 
were conducted are carefully described and the author’s conclusions are 
properly limited to the soil conditions and piling arrangements under which 
the tests were made. 

It will interest most engineers to note that the lateral resistance of the 
piles tested was less than the ratios ordinarily assumed in such designs. 
That piles about 30 ft long—of white oak and concrete, driven into firm sand, 
and capable of sustaining a vertical load of, say, 30 tons, with their ends 
firmly fixed into a solid concrete block—should have a resistance of 4 to 44 
tons for a lateral movement of } in., is rather startling. It is startling, 
furthermore, to discover that well made concrete piles have a lateral resistance 
of only 1 ton or 2 tons more. For a lateral movement of 4 in. the indicated 
lateral load is only 7 tons. That the values are really low is borne out by 
observations on the movements of walls founded on wooden piles driven in 
sand (see Fig. 26). These walls moved several inches. 

Tests made on the holding-down power of wooden piles indicate a high 
value in most cases. A vertical load of 20 to 75 tons is required to pull one 
pile out of a concrete block, so that it is probably correct to assume fixed-end 
conditions. 

The writer wishes to call attention to the danger of extending observations 
or calculations made on single piles or on a small group, to a large group, 
such as is ordinarily done The piles of a large group may grip enough soil 
to act as a diaphram much as one may retain a bank with longitudinal or 
eS es ee ee ee 


s Notp,—The paper by Lawrence B. Feagin, Assoc. M. Am. Soc. C. EB bli 
in November, 1935, Proceedings. Discussion on this paper has Snpeated thy cereorameaans 
MAES ee Maa a eee ae se errete ab Assoc. M. Am. Soe. C. E.: January. 
, . J. C. Meem, an . Ke : 1 { 
ed eedat ie, ee Coa nnard T Cs and February, 1936, by August 
“Pres., Spencer, White & Prentis, Ine., New York, N. Y. 
4a Received by the Secretary March 18, 19386. 
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vertical sheeting with wide open joints. In this case the resistance against 
lateral movement is that of an approximately vertical plane of earth bounding 
the group, much the same as the resistance of a line of very. stiff steel 
sheeting. 


Average River Level 
El +12.0 


Lock Floor El 0.0 


Drainage Ditch 


Wood Piles, 30' 0" Long 
3' 0"' Center to Center 


50 Ft Steel Sheeting, 30' 0" Long 


. Fie. 26. 


The writer has observed large movements of groups of piles serving a3 
foundations to concrete walls. When the lateral resistance of the earth 
surrounding them has diminished due to near-by excavations, the walls move 
as a unit. These walls were also supported on lines of steel sheeting serv- 
ing as a cut-off walls. Much of this dimunition of resistance, in the writer’s 
opinion, was due to the lateral flow of water in the adjacent excavation, ren- 
dering the sand surrounding the piles partly quick. It is apparent, therefore, 
that under field conditions, the lateral resistance of piles may be highly 
variable, and, at times, it may be only a few tons per pile. The lesson is that 
under the conditions described it is wise to supplement the lateral resistance 
of vertical piles with other, more positive, means. Steel sheeting below 
the walls does not provide this resistance, as, in the cases quoted, the tops 
of the steel sheeting utilized as cut-offs were incorporated in the wall. The 
more positive means may be struts or ties or battered piles, advantageously 
placed. 


Y. L. Cuana,” Esq. (by letter).°“"—These valuable tests on the lateral 
deflection of foundation piles give rise to much useful information on this 
subject not hitherto available. The need of some definite information and a 
method of analysis is certainly urgent, owing to the rapidly increasing use 
of piles and sheet-piling in foundation work. Mr. Feagin has taken the oppor- 
tunity of conducting tests on piles driven in river sand, with a view to deter- 
mining the resistance of such piles to movement under lateral loads caused 
by back-fill on a lock or by water pressure on a dam. The Huai River Com- 


- mission in China is at present (1936) constructing three locks on the Grand 


Canal to improve navigation, and, at the same time, to maintain a definite 


15 Scholar of Board of Trustees, Nanking, China; Research Student, Victoria Univ., 
Manchester, England. 
15a Received by the Secretary March 20, 1936. 
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slope to facilitate local irrigation. A general knowledge of the lateral deflec- 
tion of piles, such as that presented by the author, will certainly be of great 
help in such a case. 

The problem is equally interesting in the case of a sheet-pile; and, since 
it is usually designed with a comparatively low section modulus, an investiga- 
tion of its movement under lateral load is of special importance. 

’ The author has mentioned that an exact mathematical analysis to verify the 
experimental data is not at all easy, owing to the fact that so many variables 
are involved and that conditions vary widely for different localities. An 
attempt at such an analysis, with the aid of model tests of the pile, would 
provide a close guide to apply in a given case. When small elastic rods are 
embedded in granular material and subjected to lateral pressure they will 
bend in the form of a reverse curve, and the bottom of the rod will move 
slightly in a direction opposite to that of the displacement at the top. Ata 
certain intermediate depth there is rotation, but no displacement. 

An approximate analysis is suggested herein, involving the assumption 
that the “elastic modulus of soil’, Hs, is a constant, and it follows that the 
foregoing phenomena can be demonstrated quite rationally. By assuming 
an arbitrary value for Hs (the true value of which should be determined at 
the site locally), a curve can be plotted to agree quite satisfactorily with 
My. Feagin’s experimental data. 


lac’ A 4 < 
Aan 


H 3 
Lad R277 TTT TLL 
4 


Tr 
Point of Contraflexure 


x 
2 


y, by Equation 36 ‘M, by Equation 42 


XG 
ELASTIC CURVE PASSIVE PRESSURE SHEAR MOMENT 
Fie. 27. 


The assumptions upon which the analysis is based are as follows: 
(1) The upper end of the pile is embedded deeply enough in the mono- 
lithic foundation to be fixed against rotation 


(2) The pile is infinitely long (as will be shown subsequently, the lateral 
movement of a pile at depths greater than I, (Fig. 27) is so small that any 
pile of sufficient length may be assumed to be infinitely long) ; 
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(3) The elastic modulus of soil, Hs, is constant throughout the depth; and, 
(4) The passive pressure, p, on a pile is proportional to its displacement ; 
that is, p = — Hg, y, in which y is the lateral deflection of the elastic curve. 


Regarding Assumption (8), moreover, the soil itself will be compacted, 
more or less, to the same degree and uniformity, due to the overlapping 
of the pressure cones that are created when all the piles are driven to 
their proper depths. Since most foundations are designed on the assump- 
tion that the supporting power is distributed properly both on the piles 
and on the bearing area of the earth foundation, it follows that the earth 
must be quite compact even at the surface. Therefore, it is not necessary 
to assume that the “elastic modulus of soil” is a straight line, varying with 
the depth. As a matter of fact, its value depends on the properties of the 
soil at different strata and on the intensity and the distribution of the vertical 
loads. If it is assumed, tentatively, that this constant modulus is one-third 
of what the variable modulus would be at the depth, 7 (Fig. 27), a simple 
substitution can be made. The reason for making FH; less than the mean value 
of a triangular variation may be justified by considering that the upper 
part of a pile, being subjected to much more pronounced lateral movement, 
is surrounded by earth of comparatively low elasticity. It will be shown 


1 ; 
subsequently that 7 is proportional to ae i’ so that if an error of 10% is 
$s 


made in the value of Hs, there would be only an error of 2% in the value of 1. 
Referring to Assumption (4), the ordinary differential equation” is, 


4 
Ria Ged phe Biba Oto Hea OA ED 


in which # = the modulus of elasticity of the pile material. 


4 
Let, 8 = J faa, and, the general solution is, 


y = ef (A cos B x + B sin B x) + &® (C cos B x + D sin B a) 


in which e is the base of Naperian logarithms, and A, B, C, and D are arbi- 
trary constants. As e? increases with x, Constants A and B must be equal 
to zero to satisfy the condition, y = 0 at x = o; therefore, 


ype P? (CO cos Bia + Disin) BMG)... Sa oe B8) 
As the top is fixed against rotation, Fa = 0 when wv = 0; or, 
a = — Be [(C — D) cosBa+ (C+ D) sin Bx] = 0...(84) 
since 0 — D = 0, and, therefore, Equation (33) becomes, 
eee) (ens BP Git Sin Ore) 4.3 ii snth'au, peLond 


See aici tT. AP rs A 
16 “Strength of Materials’, by S. Timoshenko, Pt. II, p, 402, Equation (1), 
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At « = 0, y = f, from which C = f; and, 
y = f e* (cos B x + sin B Vee see cae ee (36) 
and, 


Y= — 2 Bf cP sin B x. ..eee eee ee ee es BT) 


The point of zero deflection (see Point Q, Fig. 27) can be found by 
making y = 0 and « = 1 in Equation (36), from which, 


eF! (cos Bl + sin Bl) = O...ee ere eeeee ee ss (38) 
One solution of Equation (38) is given by 1 = ; or, cos BI + sin B I 
=_0; tan 6.l = — 1; and, 
Bl =(»—4) Bian on fe. pi eM Yer 
4 
in which n = 1, 2, 3, ete. The foregoing analysis demonstrates that the 


elastic curve for an infinitely long pile should be a harmonic wave, damping 
away rapidly after each successive wave length, 2 1. For the least value, 


gt= >, and, 


4 
4 low So. snler (40) 


For the point of zero slope, # = 0, and x = L in Equation (87); there- 


fore, e-®" sin 8 LD = 0. In one solution, L = o; or, sin B L = 0; and, 
BL=nn. The least value is 8 L = x, and, 


4 
Te ey (41) 
B E 


s 


‘By proportion, J] = ol, It is to be noted that for n = 2, L is very nearly ~ 


equal to l, showing that the pile is practically vertical and rigid at a depth of 
one wave length. At the depth, Z (Fig. 27), the lateral movement in the 
opposite direction is a maximum. To find this deflection, substitute Bp 2H 


into Equation (36), and y = — L , which amounts to 4.3% of the top 
e™ 


deflection in the opposite direction. 
For the point of maximum slope, differentiate Equation (37) with respect 


to x; thus: sin 8 x = cos 8 x; and OE ie To compare the foregoing 


with Equations (40) and (41), 2 = To find an expression for 


7 


~ 
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moment, Equation (87) is differentiated further: 


cA a 2 f Bp? ¢% (sin = . 
= (Cite cos 8a): 
and, . 
M=r— 2HIf pe (sin B x.— cos Bx)... .-.......(42) 
Ata = 0; 
WN BE VAN ILS aie Acre ae aa icten Say exer ean Sp 
The point of zero moment, determined by sin B x = cos B a, occurs at the 
point of contraflexure. Differentiating again: 
3 
HS SEAT Rt rete gos B-Bec: Rat's. PA AD) 
dx’ 
At « = 0, the shear, Vo, equals: 
Viera eee cei Farr ws «les ties eed eg 4D) 
in which H = the external force applied at the top of a pile, and, at « = L, 
UY Seog A lee eo eC) 
e* 


which is only 4.3% of Vo. 
For the point of zero shear, or for that of maximum moment, cos Sees OY 


Bpaz= (* — *) m; and the first point occurs at a depth of 2 ; 
The passive pressure on the pile is: 
i Be y= — Bs fe (eos Bia, + sin |B x). sivas 2 (47) 


Considering a pile of infinite length, the total passive pressure on the pile is: 


P= fpie=—B5| ferenpedst fersing eds | 
to) oO o) 


So Sn Aes Pea Aen ge eae ©) 


If Equation (48) is integrated to the point of zero deflection, 
: Ss 1 
pis pde=4HIf Be cos Bu te= —4 HAF P(1+—7=, 
i M A/ 2 ei" 


eG tien bed ct, SM-vceate me, tay eo 


The difference between the total passive pressure when assuming that the 
pile does not bend beyond the depth, J, is only 6.7% in excess of that on an 
infinitely long pile. This difference is due to the decreasing pressure intensity 
as the depth increases. The length of pile that is subject to passive pressure 
- ean also be determined by considering the minimum internal energy set up 
in a pile during elastic deformation, thus: 


d d 
wat foyae=-+ f B, fe (cos Bw + sin B x)? de. .(50) 
2 oO oO 
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in which the upper limit, d, denotes the depth, or, finally, 


w = Ef? t¢-24 (cos 2 Bd + sin2 Bd + 2)].....--.-(51) 
8B 


As before, 
OW _._ ef [o#4 Gein 98 df 1)] = 0. eee (52) 
od 2 
In one solution, d = ©; or, sin 2 B d = — 1; that is, 
28 d= (20-2) maces cecreeeens eee (68) 
2 
Forn = 1,284 =— x, and, 
37 3 a oe: 
p==ak GWT aoe = 2, TN min te ot ew ce wk eases 54 


which is also the expression for 7 in the case of zero deflection (see 
Equation (40)). Equation (54) shows that a similar expression for a definite 
bent length, 7, can always be derived by considering either that the pile is 
rigid beyond this depth or that it is deformed in damping waves throughout 
the entire length. 

Let E (the modulus of elasticity of the pile) = 270469 440 lb per sq ft; 
LE = (0.0503 ft‘ ss V- = 183) Tb Sper 
cu ft; and w = 0.005.. Then, by the 


foregoing assumption, ZH; = = 

@ 

pte) ea 88661. These 
3 X 0.005 


values, substituted in Equation (40) 
yield, 7 = 11.85 ft; or, Hs = 100 700 
lb per sq ft. Then, by substituting, 


4 
in the expression, @ = Nay . 


= ‘/ 541; or : = 112.2. Equa- 


Values of H, in Tons per Pile 


tion (45) gives the relation between 
Raa y eee Stat] the horizontal load applied at the 
Monolith No, 3 4--=--as--—e=a top of the pile and the lateral de- 
Monolith No, 5 o9—-——°—— ——° : ° 

flection of the top of the pile; that 
is, substituting the foregoing values 
and solving for f: 


0 4EIf® 20.2 


0 0.2 0.4 0.6 0.8 1.0 1.2 1.4 ° e * ° ° 
Values of Deflection, f, in Inches at the Top in which f is in inches and H 
Fig. 28. is in tons. 


ee PO i ee 


= 


ee 
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When Equation (55) is plotted (see Fig. 28) the curve has nearly the same 
slope as the experimental curves of M, and M, in Mr. Feagin’s paper. In 
the author’s “Conclusions”, a value of 7 tons has been suggested as the 
maximum lateral load on the top of a pile if ‘a lateral movement of not more 
than 0.5 in. is allowable. Adopting 0.5 in. as a practical limit, Fig. 28 gives 
10 tons as the maximum lateral load. Reference to this curve shows that for 
deflections of less than 0.5 in., the experimental data for M., M;, and M, follow 
lines of the same general slope as those defined by Equation (55); in fact, they 
are on the safe side. 

The best empirical equation that will fit the field data is evidently of the 
form: 


He 


a 


fc RIPE PRAM Crs sele eth A SOICERY 
in which a and b are constants. 

In conclusion, the writer wishes to thank Professor A. H. Gibson and 
Mr. J. Allen, of the Victoria University of Manchester, England, and 
A. E. Cummings, Assoc. M. Am. Soc. C. E., for their helpful criticism of 
this discussion. 
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WIND STRESSES IN REINFORCED CONCRETE 
ARCH BRIDGES 


Discussion 


: 


By Messrs. FANG-YIN TSAI, AND PAUL ANDERSEN 


Fano-Yin Tsar,“ Assoc. M. Am. Soo. OC. E. (by letter).““—The problem of 
wind stresses in reinforced concrete arch bridges is similar to that of bow 
girders, which have been treated previously by many authors”, the only differ- 
ence being that the former are fixed-end beams, curved in vertical plan, and 
subjected to horizontal loads, whereas the latter are fixed-end beams curved in 
horizontal plan, and subjected to vertical loads. However, the part of the 
paper under the heading, “Braced Arch Ribs”, seems to be quite original. 
Although the solution of the problem has been indicated previously by some 
authors”, the scant attention which the problem has received thus far, as well 
as the tendency to increase the span lengths of such bridges, makes the 
presentation of this paper very timely. 

It is most unfortunate that the demonstrations are rather too brief and also 
not very clear. There is also quite a number of ambiguities which cause con- 
siderable confusion when one wishes to follow the demonstrations closely. 
For example, as stated by the author, Equations (3) and (4) are derived from 
Equation (2) by applying Castigliano’s theorem’. It may be noted that, 


for computing displacements, the application of Oastigliano’s theorem is - 


advantageous only in cases where there is a load at the point and also in the 
direction of the desired displacement. Otherwise, an arbitrary load must 
be first introduced at the said point and in the said direction, and then the 


ee ee ee eae a ee 
Note.—The paper by A. A. Eremin, Assoc. M. Am. Soe. C. E., was published in 

December, 1935, Proceedings. Discussion on this paper has appeared in Proceedi 

follows: April, 1936, by Leon Blog, Assoc. M. Am, Soe. C. Be miles 


eee Prof. of Structural Eng., Dept. of Civ. Eng., National Tsing Hua Univ., Peiping, 


44a Received by the Secretary March 17, 1936. 


*For a comprehensive bibliograph j 
RIV one ice graphy on the subject, see Journal, Am. Concrete Inst., 


70See. for instance, discussion. by Norman M. i 
Re hiccticoe eee. y An Steinman, Journal, Am. Concrete Inst., 


sa Correction to be made before paper is published in Transactions: The tw n 
preceding Equation (3) should read “Applying Castigliano’s theorem, the verteal “ates 
placement at some point, N (Fig. 1), may be derived from Equation (2) as follows ise 


and, the two lines following Equation (6) sh os i i i 
isn tskoratheuunit Bauienial cts “he Se x pion Ag The partial differential coeffi- 


~ 
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load is set to zero after the partial differentiation”. Consequently, there 
is a considerably long step from Equation (2) to Equations (3) and (4). 
However, if the method of work with a dummy unit loading as developed 


_by Maxwell, Mohr, and the late George Fillmore Swain“, Past-President 
and Hon. M., Am. Soe. OC. E., is used, Equations (3) and (4) can be written 


directly with the dummy unit moments, m, = 1 and m = 1, applied, succes- 
sively, at Point P. Therefore, it is much simpler and more straightforward 
than the application of Castigliano’s theorem. Of course, the two methods 
differ only in conception and operation, and they give identical results. 

Whereas the author states correctly that “*** C,m and Cu are, respectively, 
the partial differential coefficients representing the moment and torsion pro- 
duced by a unit moment, m = 1, applied at Point P, * * *,” he errs in 
stating (the sentence preceding Equation (7)) that Cim, Cut, ete., are the 
partial differential coefficients of the unit moments, m; = 1 and m, = 1. It 
must be also noted that the quantities, my, and my, in Equation (2) are 
not the same as those in Equations (8) and (4). Whereas, those in Equation 
(2) are, respectively, the bending and torsion moments at Point N due to 
both the actual load (wind, m or m2, as the case may be) and the dummy 
moments, m, and ms, applied at Point P in the horizontal and profile planes, 
those in Equations (8) and (4) are, respectively, the bending and torsion 
moments at Point N due to the actual load only. The values of mx and mv, 
due to the actual load, to be substituted in Equations (3) and (4), will be, 
respectively, those given by: (a) Equations (5) and (6) for deriving Equations 
(11) and (12) due to wind load’; (b) + cos ¢ + M, cos ¢ and — sin ¢ MU, sin , 
for deriving Equations (14) and (15), due to the symmetrical moments, m, = 1; 
and (c) + sin ¢@ + M. cos ¢ and + cos ¢d — M; sin 4, for deriving Equations 
(17) and (18) due to symmetrical moments, m. = 1. The foregoing distinc- 
tion must be noted carefully in following the derivation of all the aforemen- 
tioned equations in order to avoid confusion. Again, the complications in 
applying Castigliano’s theorem to the problem are evident. 

Following Equation (25) the author states that Equations (24) and (25) 
may be expressed by Maxwell’s theorem. Apparently, he refers to the principle 
of superposition, which is not due to Maxwell, as pointed out elsewhere” by 
the writer. 

Table 1 gives only the numerical results of the various terms of integration, 
without showing the detailed method of computing them. The writer hopes 
that, in his closing discussion, the author will show the detailed computations 
for all the terms in tabulated forms as‘A. J. S. Pippard”, M. Am. Soe. C. E., 
did in solving a problem of bow girder. Such an example of tabulated compu- 
tations will not only facilitate the application of the method, but will also 
help in understanding the various terms of integration. It will be certainly 


welcomed by all those who wish to use the method in practice. 


M See mene cally Indeterminate Stresses’, by J. I. Parcel and G. A. Maney, Members 
Am. Soe. C. E., John Wiley, New York, First Edition, 1926, pp. 37-39. 


oe GD ienotions. Am. Soe. C. F., Vol. LXX XIII (1919-1920), p. 622. 

Proceedings, Am. Soc. C. B., May, 1935, p. 693. 

~” “Strain Energy Methods of Stress Analysis’, by A. J. S. Pippard, Longmans, 
Green & Co., London, 1928, pp. 1383-135. 
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Paut Anpersen,” Assoc. M. Am. Soc. C. E. (by letter).“*—This paper is 
a valuable contribution to the theory of arch design. It is incomplete to the 
extent that it makes no mention of stresses in barrel arches with spandrel 
walls. Although the bending stresses, due to wind load, in an earth-filled 
arch are of no consequence, torsional stresses at the springing line may 
become quite large. 

Using the author’s notation and applying the principles of statics, the 
maximum torsional moment, M,, which occurs at the springing line can be 
determined from, 


Be cos a+ Be = f winds Ae are A Wik eae (84) 


in which a = the angle between the horizontal line and the tangent to the 
earth axis at the springing line; and n = the distance from the arch element 
to this tangent. 
Using the values from the illustrative example in Fig. 3, Equation (34) 
becomes, 92785 x 0.715 + M, = 99470; and M, = 33180 ft-lb. 
This moment produces a maximum shearing stress, at the center of the 
33 129 x 12 
0.225 x 54 xX 42? 
be added the shearing stress due to dead load and live load. 
In case of an arch with a rigidly connected superstructure (Fig. 5), the 
arch rib will transmit to the springing lines considerably more stress than 
the wind load acting upon the rib 
itself. If the arch is of the barrel 
type with spandrel walls, a large 
area is exposed to lateral wind 
pressure and the arch section, al- 
(| though possessing high resistance to ~ 
horizontal bending, has compara- 
tively low torsional strength. Shear- 
ing stresses for this type of structure will be considerably greater than 
19 Ib per sq in. } 
It is unfortunate that the author chose the symbol, w, to indicate load 
intensity and dw to represent elastic weight; integration limits in the ” 
deflection terms and moment equations would also have been helpful. 


wide side, of = 19 lb per sq in. To this stress should 


Fie. 5 


21 Balboa Heights, Canal Zone. 
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SUCCESSIVE ELIMINATION OF UNKNOWNS IN 
THEA SLOPE. DEFLECTION METHOD 


Discussion 


PVs fr WYLY ON AM. SOC CB: 


L. T. Wyty,” M. Am. Soc. C. E. (by letter).”*—The oft-remarked necessity 
for ingenuity and resourcefulness in solving a number of simultaneous equa- 
tions in a statically indeterminate problem is well emphasized by this paper. 
The author, by expressing in terms of one unknown all other unknowns, 
arrives at an exact value of each in turn. It is interesting to compare this 
method of attack with that of successive approximations™ presented by G. A. 
Maney, M. Am. Soe. C: E., in his first publication of the slope-deflection rela- 
tion, and with the moment-distribution method” presented by Hardy Cross, 
M. Am. Soc. C. E. In these latter procedures, the simultaneous solution of 
the equations is avoided and, by methods of approximations, the unknowns at 
each joint in succession are determined to any desired degree of refinement, 
the ultimate values, of course, being exactly the same as those obtained by the 
author in his exact solution of all equations simultaneously. 

In order to compare the relative merits of these different methods of solu- 
tion of the slope-deflection relation, it may be well to review, briefly, the 
history of the development of this very useful and general method of analysis. 
The essential steps are as follows: 


(1) The first publication of the slope-deflection relation was in 1893 by 
Otto Mohr who used the method for the solution of secondary stress problems”. 
The form used by Mohr was limited to this type of problem; that is, to frames 
without loads between the joints. 

(2) In May, 1914, Axel Bendixsen published in Denmark a monograph 
entitled, “Die Methode der Alpha-Gleichungen zur Berechnung von Rahmen- 


Norp.—The paper by John B. Wilbur, Assoc. M. Am. Soc. C. E., was published in 
December, 1935, Proceedings. Discussion on this paper has appeared in Proceedings, as 
follows: March, 1936, by Messrs. C. A. Willson, Paul Andersen, and R. W. Stewart; April, 
1936, by Adolphus Mitchell, Jun. Am. Soc. C. H.; and May, 1936, by Messrs. Fang-Yin 
Tsai, A. Floris, A. W. Fischer, and L. H. Grinter. 

31 With Bureau of Bridges, Div. of Highways, Springfield, Ill. 

27@ Received by the Secretary May 7, 1936. 

2 ng. Studies, Bulletin No. 1, Univ. of Minnesota, March, 1915. 

2 ‘Analysis of Continuous Structures by Distributing WFixed-Hnd Moments,” 
Transactions, Am. Soc. C. B., Vol. 96 (1932), p. 1. 

80 Zivilingenieur, December, 1892-January, 1893. 
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konstructionen”, which gives the first general statement of the slope-deflection 
relation for any type of loading. This publication appears to have been 
generally overlooked even in Europe until about 1923 when Professor A. 
Ostenfeld amplified it somewhat™. 

(3) In 1914, Professor Maney evolved and, in March, 1915, published 
the first general statement of the slope-deflection relation to appear in 
America®. Professor Maney’s work was original with him, as at this +ime 
he did not know of the work of Mohr and of Bendixsen on this problem. 
This presentation included any type of loading between joints and expressed 
the end moments of members in terms of the fixed-end moments, modified 
by the addition of moments arising from rotations and deflections of the 
joints. This method was not extended to members with variable moments of 
inertia at this time. Problems both in wind stresses in building frames 
and in secondary stresses in bridge trusses were solved; and, for the latter 
problem, a method of successive approximations was presented, which method 
did not require the simultaneous solution of the equations. 

(4) In 1914, Professor Maney and W. M. Wilson, M. Am. Soc. C. E., 
developed, and, in June, 1915, published, the solution of wind stresses in a 
twenty-story office building by the slope-deflection method”. This solution 
was by the exact simultaneous method. 

(5) In 1915 to 1918, Professor Maney and J. I. Parcel, M. Am. Soe. C. E., 
completed their analytical solution and experimental research in the field, 
and, in 1922, published their study of the secondary stresses on the Kenova 
Bridge”. This solution was made by the use of influence lines for the 
secondary stresses and involved the solution of forty-three equations for each 
case considered. The method of successive approximations was again used 
here in all cases. Eight cases were solved. 

(6) In 1918 there was published by Professor Wilson, F. E. Richart, and 
C. Weiss, Members, Am. Soc. C. E., a bulletin giving general formulas for a 
large number of types of structures by the slope-deflection method™. 

(7) In 1923 Professor Ostenfeld published an amplification of Bendixsen’s 
work, the presentation covering all cases for which solution is made for 
deformations rather than stresses™. 

(8) In 1930 Professor Cross published his moment-distribution method 
which he had been teaching for several years previously”. The Cross 
method also follows the general procedure of assuming fixed-end moments at 
ends of members and correcting them by a method of approximations that 
can be carried to any desired degree of refinement. 

(9) In 1931, L. T. Evans, Assoc. M. Am. Soe. C. E., published a modifica- 
tion of the slope-deflection formulas, taking into account the variable moment 
of inertia of members for a number of typical cases®. 

It is thus seen that, in America, a remarkable development has followed 
Professor Maney’s derivation of the general method of slope deflection in 1914. 

= “Die Deformationsmethode”, by A. Ostenfeld, Der Bauingenieur, January 31, 1923. 

Bulletin 80, Eng. Experimental Station, Univ. of Illinois, June, 1915. ‘ 

* Eng. Studies, Bulletin No. 4, Univ. of Minnesota, 1922. 


* Bulletin 108, Eng. Experiment Station, Univ. of Illinois, 1918. 
*® Journal, Am. Concrete Inst., October, 1931. 
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E. J. Mehren, M. Am. Soe. OC. E., lists slope deflection and moment distribu- 
tion as the two analytical instruments which have vitally affected the advance 
of concrete structures in America™. 

In order to compare the methods of approximate solution with the exact 
solution by successive elimination of unknowns illustrated by the author, 
attention is directed to the continuous girder of four spans illustrated 
in Fig. 1(a) of the paper. Assume the loading shown in the illustration, or 
any other loading. By Maney’s method of approximations, the procedure is as 
follows: 


(a) Fixed-beam end moments are computed on the assumption that all 
spans are fixed at the ends. Denote these moments as Mraz, Mrsc, Mona, ete. 
Let = M,, designate the sum of all fixed-beam moments at A. 

(b) The first approximation of joint rotation values at a given joint are 
obtained by assuming that all joints at the far ends of the members in ques- 
tion have zero rotation. For purposes of illustration consider Joint B, 


Fig. 1(a). Then, 


= Uae pp eel, osha Wet Aleeties cies eae (48) 
2 Kea + 2 Koc 
or, in general, 
es eS TR OR Sir age (44) 
D, = Ke ‘ 7 
_ Also, 
Gene nom sae Mire Lt) oa ae (45) 
2 Kop + 2 Ken 
or, in general, 
gideen enol slept aoa: Be Ang ais EEN. (46) 
22 Ke 


Substituting these values as found in the joint equations, a new and closer 
set of values for the joint rotations is obtained, and this can be continued as 
often as necessary, seldom more than three approximations being necessary. 

(c) Placing the values of joint rotations as determined by Equations (44) 
and (46) in the joint equations, solution is made for the resulting end 
moments. As has been noted, this process consists in adding algebraically the 
end moments induced by the joint rotations to the fixed-beam end moments 
assumed at the start. 

By the Cross’ moment-distribution method of approximations, the pro- 
cedure is very similar. If the values of joint rotation, obtained by Equa- 
tions (44) and (46), are substituted in the moment equation for a given 


; member, 
Mac = Mersc => 3 = Mrp —7-— eee sd = Maro a tee ets (47) 
= B 2 2 Ke 


86 “Concrete, Yesterday, Today and Tomorrow”, Journal, Am, Concrete Inst., March- 
April, 1935; also, Proceedings, Am. Concrete Inst., Vol. 81, p. 345. 
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It is seen at once that the second term on the right-hand side of the equality 
sign represents the “distribution factor” and that the third term is the 
“carry-over” factor. Distribution and carrying-over are continued until all 
unbalanced moments at the joints become negligible, or disappear, which is a 
parallel process to arriving at successively closer values of true joint rotations. 
Indeed, it is noteworthy that the reason the moment-distribution process con- 
verges so rapidly, is that a rotation at Joint A, say, will induce only one-half 
as much end moment at Joint B as at Joint A, etc. This relation is evident at 
once on inspection of the slope-deflection equation. By Maney’s procedure, one 
solves for closer and closer values of the joint rotations, or deflections, and 
then obtains final moments from final values of the joint rotations. By Cross’ 
procedure, one distributes moment differences until all unbalanced moments 
are negligible or disappear. A very interesting development in this regard 
was made in 1934 by O. E. Morgan, M. Am. Soe. OC. E.”. Pursuing moment 
distribution- to its logical conclusion mathematically, Mr. Morgan expressed 
the end moments in terms of a geometric series, and arriving at the limit 
of the series, obtained the true values of the moments—that is, the same 
values that would be obtained by Professor Wilbur’s exact method of solution, 
In 1936, Mr. Morgan published formulas for moments for a four-span con- 
tinuous structure similar to Fig. 1(a). These formulas were derived by Mr. 
Morgan’s series method”. 

For frames such as those illustrated in Fig. 1(b) and Fig. 1(c), the pro- 
cedure is essentially the same, and the relations between the foregoing methods 
of attack are similar. Methods of solution by approximations of these frames 
were published® by Professor Maney and J. E. Goldberg, Jun. Am. Soe. O. E., 
in 1932. In 1931, there was also published® a method of solving secondary 
stresses by moment distribution by L. S. Thompson and R. W. Cutler, Jun. 
Am. Soe. C. E. 

With regard to the method of procedure for a given case, naturally the 
designer’s preference will vary. Where not too many unknowns or joints 
are involved, it will frequently be desirable to use a procedure similar to that 
illustrated by the author. Where a large number of unknowns are involved, 
however, it is the writer’s belief that most engineers will prefer one of the 
approximate methods. It should be noted in this connection that there is a_ 
difference in procedure between the slope-deflection method of approximation 
and the moment-distribution method. In both, any variation in the con- 
vergence indicates that an error has been made. In the moment-distribution © 
method, however, it is possible to carry over an initial unbalanced moment 
of incorrect value, and it will be distributed and no check will appear. In _ 
the slope-deflection method, a complete set of static and elastic equations is 
set up, and when the true values of the unknowns are obtained, by whatever _ 
means, these unknowns must satisfy all equations simultaneously, and, hence, } 
must be correct. In many cases ‘the moment distribution method is_ 
TEE PEN TEES SBE S HRI 
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37 “Nesignin oe. Gird Bri it; 
April 231936, ig ate er Bridges for Continuity’, Engineering News-Record, : 


88 “Simplified Methods ie Analysis of Multi ied 
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” Transactions, Am. Soc. C. B., Vol. 96 (1982), p. 108. 
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undoubtedly most expeditious. On the other hand, it is the writer’s belief, 
based upon a certain amount of observation, that there is a tendency for the 
designer to lose sight of the actual significance of each step of the process 
with moment distribution, and that this is not so likely to occur with slope 
deflection. © Furthermore, in a number of cases, such as where correction is 
to be made during construction, it is necessary to know the computed value of 
the joint rotations or deflections, and in this case slope deflection ig plainly 
necessary. 

In conclusion, it may be said that the progressive use of indeterminate 
structures seems to have been dependent, largely, upon the development of 
expeditious methods of solving simultaneous equations, This has probably been 
true—not because of the difficulties of the problem—but because simultaneous 
solution of a considerable number of equations has required more time than 
the procedure of most designing offices allows. This paper is of definite value 
in that.it calls attention to means of expediting this analytical process. 
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DISCUSSIONS 


REINFORCED CONCRETE MEMBERS UNDER 
DIRECT TENSION AND BENDING 


Discussion 
By Messrs. A. FLORIS, AND DAVID B. HALL 


A. Frorts,” Esq. (by letter).**—In this elaborate paper the author derives; 
formulas for the design of reinforced concrete members subjected to direct 
tension and bending. He states that the problem has received little attention! 
from authors of engineering texts. This statement is rather broad and not 
quite correct because the subject is fully covered in several books on rein- 
forced concrete. Suffice it to mention the well-known treatises by Moersch,”,. 
Manning”, and others. Perhaps the author has in mind American textbooks 
in which the design of reinforced concrete structures under the combined 
action of direct tension and bending has been somewhat neglected. In addi- 
tion to closed water conduits such a stress condition exists in tanks, silos, 
bunkers, ete. 


The formulas derived by the author are based on the standard method! 
which involves the ratio of modulus of elasticity of steel to that of concrete—- 
the well-known n. It is becoming increasingly evident by tests and actual] 
experience, however, that this method of designing reinforced concrete? 
structures is fundamentally erroneous. The reasons are many and varied. ~ 

The strength of a member subjected to bending depends on the ultimate: 
strength of steel and concrete and not on the value of n as the standard} 
method appears to convey. Using this ratio in the calculations, the concrete: 
and steel stresses of the structural member near the breaking point are con-- 
siderably greater than the ultimate strength of the two materials determined! 
separately. By applying the standard method, authorities permit far smaller: 
stresses for concrete than steel in comparison to their ultimate strength. . 


Nots.—tThe paper by D. B. Gumensky, Assoc. M. Am. Soc. C. B., was published in! 
December, 1935, Proceedings. Discussion on this paper has appeared in Proceedings, ass 
Reiter ine: by eos no W. Ene Wilbur, and F. C. Snow: and! 
April, , by Messrs. Ralp . Byrne, Jr., Car . Heilbron, Jr., F. E. Turneaure, H. B.! 
Warrington, William A. Larsen, and B. Kovediaeff. wee | 

73 Dipl.-Ing., Los Angeles, Calif. 

78a Received by the Secretary, March 380, 1936. 
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This leads to the absurdity that heavily reinforced members will resist external 
forces less than poorly reinforced members under the same conditions. This 
conclusion as to the standard method of designing structures is not backed 
by experience and tests. The introduction, in the analysis, of a constant or 
variable n does not improve matters, since it is not in agreement with the 
experimental evidence. Furthermore, the factor of safety determined by 
the standard method is not the same for various conditions. 

All these facts indicate clearly the desirability of abandoning the present 
standard method of designing reinforced concrete structures. Attempts to 
develop methods without using the ratio, n, have been made by Stussi, 
M. and S. Steuermann, Saliger, Gebauer™, and Bittner. 


Davi B. Hau,” Assoc. M. Am. Soo. O. E. (by letter).”*—Whenever 
physical conceptions can be substituted for algebraic operations, understanding 
of any problem usually becomes clearer. Apparently, Case 1 of this paper, 
in which the resultant tension on a section falls between two layers of rein- 
forcement, could have been covered completely by treating the two layers of 
steel as simple beam reactions and calculating the area of steel to furnish these 
reactions at the allowable working stress. The extreme simplicity of this case 
results from the fact that it is a statically determinate problem, and, there- 
fore, no question of consistent deformations enters into it. Oase 2 may also 
be a little easier to grasp™ when viewed apart from its mathematical surround- 
ings, and certain aspects can be treated in somewhat greater detail. 

When it is possible to proportion a structure (in this case a concrete 
section) to resist the loads acting on it, instead of determining the stresses 
in an existing structure, then, as far as the designer is concerned, the struc- 
ture ceases to be statically indeterminate. (This principle, incidentally, has 
many and varied applications; for instance, a two-span continuous truss with 
a jack placed under one support at the time of erection.) This will be the 
case in the design of concrete sections. It may be possible to vary the dimen- 
sions of the concrete, and it will practically always be possible to vary the 
area of the reinforcement. 

When there is only one layer of steel, and moments are taken about the 
center of the steel, the moment of the concrete must be equal to the moment 
of all external forces (Equation (20)), and hence the concrete stress can be 
found either by calculation or from ordinary concrete tables. The unit 
stress in the steel is proportional to the distance from the neutral axis 
(Assumption (1) of the paper); and the total stress in the steel is the sum 
of the compression in the concrete and the external tension, since both these 
forces tend to push or pull the member apart while the steel tends to pull it 
logether Although, in a sense, the foregoing is only a re-statement of Equa- 
tions (20) and (21) in words, the fact is that once these principles are 


26“‘Dags alte n-Verfahren und die neuen n-freien Berechnungsweisen des Hisenbeton- 
salkens; Kritische Besprechung und Schlussfolgerungen”, von Franz Gebauer, Beton uw. 
Hisen, January 20, 1936, p. 29. 

27 Asst. Engr., State Dept. of Public Works, Albany, N. Y. 

27a Received by the Secretary May 11, 1936. 

23 Hngineering News-Record, July 26, 1928, p. 127. 
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understood, the design of sections will actually be found as easy if the analysis 
stops at this point as if it is carried any further, as exemplified by Fig. 5. 
The steps, in brief, are as follows: (1) Determine a, concrete section to resist 
the moment about the steel; (2) determine the steel for such a concrete 


OR 


section; and (3) determine also the steel to resist the tension (or compression) — 


on the section, and add to (or subtract from) the steel found by Step (2). 

It so happens that it is not always possible to fit the concrete section to 
the loads. In designing sections at intervals along a beam, many parts will 
be found to be understressed. On the other hand, in continuous beams with 
curved bottoms, there is usually an overstressed part near the middle which 
would receive more moment and would be stressed still more severely if made 
deeper. Thus, when the depth of the beam is fixed, two distinct cases may 
arise, depending on whether the moment about the tension steel is less or 
more than the resisting moment of the concrete in a “balanced section”; that 
is, one in which the steel and concrete stress are both the maximum allowable. 
The first case differs little from that in which the concrete as well as the steel 
can be controlled. It can be solved by means of the author’s charts, or directly 
from the principles underlying Equations (20) and (21). 

In connection with the latter method an expedient used by the writer may 


be found to be helpful: The function least sensitive to the variation of K — 


(defined as K = MM = > fekj) is j, the fraction of the depth between 


ba? 
the steel and the center of compression of the concrete. Since the steel area 


for moment may be calculated from the relation, As; = the writer uses 


fsjd 
a table of values of (fs 7) for the full range from zero moment to the moment 
for balanced steel. Since (fs 7) varies only between 16000 and 14000 lb per 
sq in. (when fs = 16000 lb per sq in.) in this entire range, a table with 


cae 


twenty entries is as accurate as a table of steel percentage value containing 


eight or ten times as many entries, and the preliminary determination of K 
can be very rough. . 


The second case (in which the strength of the concrete is the limiting © 
factor and must be aided by shifting the neutral axis, adding compression — 
steel, or more often both) is usually beyond the scope of the author’s charts, : 


and needs to be considered in some detail if the paper is to be reasonably 
complete. Unless there are restrictions on the amount of steel to be placed in 
either face of the beam, the most desirable solution will be the one which 
makes the total steel area in the two faces a minimum. Contrary to a wide- 
spread belief, this condition is usually not fulfilled by assuming maximum 
steel stress. Two causes can be mentioned which may make this fact easier 
to digest: (1) In cases of bending and compression, it can be seen that the 
use of a high steel stress, thereby crowding the neutral axis (and hence 
the area of concrete in compression) over to one side, will be inefficient when- 
ever there is considerable direct compression and not much moment on a 
section; and (2) when a beam is not very deep and the compression steel is 
close to the neutral axis, this steel cannot be very effective. Its effectiveness, 
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as well as that of the concrete, furthermore, is increased by shifting the 
neutral axis farther toward the tension side. 
In terms of fundamental relations, only one additional operation is neces- 
* Sary in designing for compression steel, after a given position for the neutral 
axis has been assumed or established. Assumption (1) of the paper together 
with Hooke’s law, establishes the stress in both layers of steel; compressive 
steel and additional tensile steel are added to provide a couple to care for 
the difference between the concrete moment and the external moment. With 
a good comprehensive table, made up for specified values of fe and n, giving 
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values of k, K, fs, and p (with k varying by hundredths from the value corre- 
sponding to a balanced section up to 0.60 or 0.70), it is not especially difficult 
to make a few trials and obtain suitable steel areas. Even without such a 
table the foregoing constants are not very difficult to compute. Instead of by 
trial, the desired value of k can be found quite expeditiously with the aid 
of Fig. 11”, which is self-explanatory. 

It will be noted that the three quantities required for its use are all 
abstract numbers, so that the chart is independent of any particular units of 
force or distance. For a strict interpretation of Fig. 11 it is necessary to 
assume that the compression steel displaces no concrete, but the diagram will 
undoubtedly be found sufficiently accurate by designers who prefer to deduct 
the concrete (by using n — 1 instead of n for the compression steel). The 
construction of the chart involves considerable algebra, but not much mystery. 


An equation for the total area of steel can be written in terms of k, - ne 


,? 


-€ 
and Se and can be differentiated with respect to k. The resulting derivative 
K 


contains k and 4 in a relatively complicated form, but can be arranged 


to contain a and £ as simple linear quantities. This is what makes the use 
e 

of a nomogram possible. Examination of Fig. 11 will verify the statements 

made earlier concerning the causes for shifting the neutral axis. It will be 

observed: (1) That the compressive area is greater when there is thrust on a 

section than when there is tension; and (2) it is greater when the compression 

steel is deeply buried than when it is near the face. 

This chart will not always give usable results. It may sometimes call for 
steel stress higher than the allowable and, being purely algebraic, it can (and 
sometimes does) lead to the calculation of a negative area of steel, or less 
than would nominally be used, in one face or the other. 

In developing his special type of chart for direct tension and bending, 
the author has utilized principles which by themselves are as easy to apply 
as the chart (see Figs. 3 and 5), and which, furthermore, apply equally well to 
either tension or compression and bending, and may be applied to one impor- 
tant part of the subject of bending and direct stress to which the chart 
cannot be applied. 
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TALL BUILDING FRAMES STUDIED BY MEANS 
OF MECHANICAL MODELS 


Discussion 
By FANG-YIN TSAI, Assoc. M. AM. Soc. C. E. 


Fana-Y1n Tsar,” Assoc. M. Am. Soc. C. E. (by letter).”*—In Figs. 3, 5, 7, 


and 8, of this paper, the curves are plotted with 7, or Ly , assumed to be 


(7) 
variable as if it were the only factor that governs the value of R: for 


the various bents. W. M. Wilson and G. A. Maney, Members, Am. Soe. C. E., 
have shown™ that the distribution of moments in columns and girders of a 
symmetrical 4-column bent depends upon the ratios of the K-values of its 
members, in addition to the layout and loading. The writer has found that, 
for bents of the type of the authors’ Series A, B, (, and D, the value of Ri 
depends upon the story number and the following factors: 


le 
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B L x 
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cs 
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Io 


in which I’, and I’; are, respectively, the moment of inertia of the outer and 
‘inner column; h is the story height; and the remaining symbols are the same 


Norp.—The paper by Francis P. Witmer, M. Am. Soc. C. E., and Harry H. Bonner, 
Esq., was published in January, 1936, Proceedings. Discussion on this paper has appeared 
in Proceedings, as follows: April, 1986, by Messrs. L. C. Maugh, L. J. Mensch, and Gilbert 
Morrison. 

2 prof. of Structural Eng., Dept. of Civ. Eng., National Tsing Hua Uniy., Peiping, 
China. 

a2a Received, by the Secretary April 6, 1936. 

18 “‘Wind Stresses in the Steel Frames of Office Buildings’, Bulletin No. 80, Eng. 

Experiment Station, Univ. of Illinois, 1915, p. 26. 
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: 
as those used in the paper. The values of a, 8, 7, and 1. together with the story — 
number, may be considered as the elastic properties of such bents, which 
govern the value of R; due to lateral loads. 

An attempt has been made to verify the authors’ results analytically and 
to deduce a general expression for R; in terms of a, B, r, and 7. Since such” 
work for a 19-story, 4-column bent involves a prohibitive amount of time and 
difficulty, the writer selected an expression for such bent of one-story only 
(Fig. 17(a)). (He is indebted to several students in his class in Advanced 
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(a) 1-STORY 4-COLUMN SYMMETRICAL BENT (b) CANTILEVER RELATION OF REACTIONS 
Fie. 17 


Structural Theory for developing the formula by the slope-deflection method.) 
The result is as follows: 


MAE AACE ere ht et) BP CNS EE 
r4Bteatlt+3ari 
The elastic properties and the authors’ values of R; for the 19-story bents 


of Series A, B, OC, and D, together with the computed values of Ri for one- 
story bents of the same elastic properties, are given in Table 2, in which it is 


TABLE 2.—Comparison oF THE VALUES oF R; OBTAINED BY THE AUTHORS 
For 19-Srory Brents wirn TxHosr Computep ror Ons-Story Bents 
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seen that, with the exception of Case A-1c, all the computed values of Ri 


are consistently smaller (algebraically) than the corresponding values obtained ; 


by the authors. Both sets of the values of R; are plotted against the values of - 


ou 
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t for Series A, B, and D in Fig. 18, which is similar to the authors’ Fig. 3. 
It shows, not only the consistency in the trends of the curves and the correct- 
ness of the authors’ results in general, but also that, with a, B, and r kept 
constant, the values of R; increase algebraically as the story number increases 


_ The Authors’ (For 19-Story) “11h : —— The Authors! (For 19-Story) 
-- —— Computed (For 1-Story) a ---- Computed (For 1-Storyy—— 


Values of R;, in Percentages 


Js —8 
es 2A CIN ES M5 109N12's 14916117, 0 70:2)) 1014) 0.6018) 107 D214 a6 
Values ofi Values of 8B 
Fic. 18.—RELATION BETWEEN Fic. 19.—RELATION BETWEEN 
Ri AND 4 Ri AND B 


for any value of 2, and that the larger the value of 7, the greater will be the 
increase in the value of Ri. 

-Fig. 19 shows the relation between R; and £, with a 7, and 7 kept constant, 
comparing the authors’ values for the 19-story bent with those computed for 
the one-story bent. It is seen that, for this case, the values of Ri increase 
algebraically as the story number increases for any value of @, and that the 
larger the value of i, the greater the increase in the value of Rj. ; 

The authors’ Fig. 8 shows the relation between 7 and r for the cantilever 
relation of Ri, neglecting again the other elastic properties of the bents. 


‘ 
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From Fig. 17(b), the cantilever relation of reactions is governed by; 


Fez Ly 
Apyns 2 prt Mie Cab ate (34) 
SDS gee rig 
; 2 
or, 
Ro = fe ice ee 
Ra 2+ 7r ‘ 
in which q = Ay = the ratio of the area of the inner column to that of 


i) 


the outer column. Equating Equation (85) to Equation (33) and 
simplifying, 


fe Ng UE) A Bey (36) 
(28 —a+2)(2+7r)—8qar(1l+n)-~ 

Letting a = q = 1, which is the value for all the bents (except Cases A-1b 

and A-1c) of the authors’ Series A, B, C, and D, Equation (36) is plotted 

with 8B = 0.8; 1.2; 1.6; and 2.5 in Fig. 20, in which it is seen that the 

curve with 8 = 2.5 coincides practically with the authors’ Fig. 8. Fig. 20 also 


——-—Computed 
(For 1-Story) 


Values of i 


0 0.2 0.4 0.6 0.8 1.0 a2 
Values of r 


Fie. 20 


shows that, for a cantilever-theory value of Ri in one-story bents, with 
a = q = 1,7 decreases as 8 increases for any value of r, and that with B kept 
constant, 7 increases rapidly as r increases. Assuming the authors’ Fig. 8 to 
be valid for 19-story bents with 8 = 1.6, the increase in the story num- 
ber will have the same effect on i as the increase in B, and the girder 
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length of Case XO-1 should be adjusted to make Ba 16.2° Chus, by 
Equation (30), 


Lae I 
(i SRM SO Sig Spe I See 
Ph 2.5 30) 


in which I’o =I. Hence, Io = 1.6 * 2.5 = 4 in.; and Li = i Ly = 0.78 
x 4= 3.12 in. If the foregoing values were used for L, and L; in Case XC-1 
instead of 4,9; and 32 in., the value of R; would probably be much closer 
to the cantilever-theory ratio than that obtained by the authors. 

For a portal-theory value of R; in one-story bents, equating Equation (38) 
to zero and simplifying: 


yf r (48 + a4 1) 
4 Besry Lh — ae 2a 3-7) 
In order to avoid any negative value in 7, which will be meaningless, « must 


4 (6 +1) 
2+ 3r 


always be less than 


The purpose of the foregoing discussion is mainly to verify the authors’ 
results by comparing them with those computed for one-story bents of the 
same elastic properties and also to indicate the trend in the effect of the various 
factors, particularly the story number, upon the value of Ri. 

The authors state that “the purpose of the study was to learn trends 
rather than true quantitative values of reactions for varying proportions of 
bents.” Inasmuch as the value of R; depends upon the numerous factors 
indicated herein, and the layout and the proportion of bents in any practical 
ease will differ widely from those studied in the paper, it is doubtful whether 
the trends of any actual bent will conform to those presented by the 
authors. The writer thinks that the real value of the paper lies in introducing 
a simple and practical method of study, which, when applied carefully to an 
actual bent, may eventually lead to its proper proportion and design. 

The writer wishes to call the authors’ attention to the following minor 
points. The letters, J and G, are both used for denoting the moment of 
inertia of girders, and this is evidently due to an oversight. The authors use 
the title, “Reaction Diagram” for their Figs. 2, 4, ete, but the writer thinks 
that the diagrams will be better understood if the title is changed to read, 
“Reaction Influence Diagram.” In the authors’ Fig. 8 there are indicated 
Cases B-18 and C-0.67, both of which are apparently not described in the 
paper. ; 

From the trends of the curves in Figs. 18 and 19, the writer concludes 
that the authors’ value of R; for Case D-9 is inaccurate, possibly due to the 
great inflexibility of the center girders of the bent. This is also indicated 
by the great asymmetry of the authors’ Fig. 4(d). Hence, the curve is plotted 
according to an assumed correct value of R; for Case D-9. 
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MODERN CONCEPTIONS OF THE MECHANICS 
OF FLUID TURBULENCE 


Discussion 
By JOE W. JOHNSON, JUN. AM. Soc. C. E. 


Jor W. Jounson,* Jun. Am Soo. CO. E. (by letter).“*—An extremely 
timely summary of the modern conceptions and theories of the mechanics of 
fluid turbulence is offered in this paper. The presentation is clear and orderly — 
and contains a consistent and logical system of notation. The application 
of these principles affords new methods of approach to many complex 
hydraulic problems. : 

One such application, for example, is the problem of silt transportation — 
advanced by W. Schmidt™ and outlined by Morrough P. O’Brien®, Assoc. M. 
Am. Soe. C. E., in 1982, in a review of the theory of turbulent flow and its 
relation to silt transportation in open channels. In later papers, Messrs. 
J. B. Leighly® and J. E. Christiansen” discussed Professor O’Brien’s paper 
and reported encouraging results in comparing measured silt distribution and 
theory. The silt referred to is the solid matter transported in suspension, 
but not that which moves as bed-load. It is recognized, of course, that there 
is no dividing line between the classifications. Therefore, in view of the fact - 
that the difference between suspended load and bed-load is purely arbitrary, 
it is fairly reasonable to believe that the theories discussed by the author and 
by Professor O’Brien may ultimately provide an adequate and accurate 
relation between bed-load transportation and certain hydraulic elements. ' 


Notp.—The paper by Hunter Rouse, Assoc. M. Am. Soc. C. E., was published in 
January, 1936, Proceedings. Discussion on the paper has appeared in Proceedings, as 
follows: April, 1986, by Chesley J. Posey, Jun. Am. Soc. C. E.; and May, 1936, by Messrs. 
8. Franz Yasines, Benjamin Miller, and Ralph W. Powell. 


Jun. Hydr. Engr., Sedimentation and Hydraulic Studies, ‘Soil Conservation Service, 
U. 8. Dept. of Agriculture, Washington, D. C. 

88a Received by the Secretary April 10, 1936. 

™ “Die Massenaustauch in freien Luft und verwanule Erschein en” ; 
H. Grand, Hamburg, 1925. meee (50h ae eae 

*® “Review of the Theory of Turbulent Flow and Its Relation to Sediment Trans- 
parestion’ «bY Morrough P, O’Brien, Transactions, Am. Geophysical Union, Hydrology 


*6“Turbulence and Transportation of Rock Débri ns 
The Geographical Review, Vol XXIV. No. 3, July, 1934, by Beets DY | Ua Ea 


at “Distribution of Silt in Open Channels”, by J. HE. ristiansen 
Geophysical Union, Hydrology Section, 1935, p. 478, CREA ANE ER ACERT Senn 
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The Prandtl-von Karmén theory of velocity distribution in turbulent flow 
can also be applied to open channels of great widths where the lines of equal 
velocity are parallel to the channel bed and viscous resistances are assumed 
to be negligible. Equation (52) as developed for pipes, is a general equa- 
tion for turbulent flow in either tubes or open channels. For open channels, 
the expression for thé distribution of velocity in the central region of the 


flow is: 
Umax — V 
es get Ee (1-2-2) + V1 2] ne (83) 
NEC K do ae 


p 


or, 


in which 7 is the intensity of.shear at the channel bottom; do, the depth of 
flow, or the distance from the bottom to the point of maximum velocity 
when the maximum velocity is below the water 
surface; and y, the distance of the velocity 
measurement, v, from the channel bottom (see 
Fig. 23). 

Equation (84), derived without regard to wall 
conditions, gives a theoretical velocity distribution 
_ only in the central regions of flow. Another equa- 
tion must now be derived for the velocity distri- 
bution near the wall. Substitution of Prandtl’s 


Umax 


Filament of Maximum [/ 
Velocity 


mixing length as given by the relation, —1, 
Fic. 23. VmRTICAL VELOCITY 
PP ai cia ctaaery keto LOO) CURVP IN OPEN CHANNEL. 


into Equation (44) gives the expression, 


@ kL | py Siecle ree ee (86) 
Pp do 


dy Ky 
Integration of Equation (86) with the condition that v = 0 when y = 0, 
gives, r 
E =2[ 44 fee YS tan Ft 1-2] hts (87) 
To K dé do 
p 
or, 
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Of primary interest to the hydraulic engineer, of course, is the agree-: 
ment between the foregoing theoretical formulas and experimental data. | 
For illustration in this respect, vertical velocity curves will be used, that. 
were measured by the writer in connection with research work at the U. S. 
Waterways Experiment Station, at Vicksburg, Miss. These experiments 
consisted of complete velocity traverses at a section near the center of a 
tilting rectangular flume, 45 ft long, 2.313 ft wide, and 1.3 ft deep, with 
smooth cement lining. The flume was given slopes of 0.0002, 0.0005, 0.0010, 
0.0015, 0.0020, and 0.0040. At all times the water-surface slope was main- 
tained parallel to the channel bottom. Velocities were measured by an 
accurately calibrated Pitot tube, which was mounted on the lower end of 
an ordinary laboratory gage which, in turn, was mounted on a rack that 
traveled upon a horizontal bar. The horizontal bar support was graduated 
along the top side to 0.01-ft intervals, and the laboratory gage read to 0.001 ft. 
With this precise horizontal and vertical control, it was possible to place the 
Pitot tube at identical locations for all tests and check measurements. 
The number and location of velocity observations in a typical cross-section — 
are illustrated by Fig. 24. Average vertical velocity curves in the center 
of the flume for depths of 0.10 ft and 0.20 ft and for various slopes are 
shown in Fig. 25. 

As stated by the author in referring to straight tubes, it was an important... 
discovery that the relative motion of the particles at moderately large 
Reynolds numbers depends on the fall in pressure and not at all on the 
character of the wall, so that, therefore, with constant fall in pressure, 
the velocity distribution curves in tubes with different values of relative 
roughness can be brought into conformity by shifting them along the velocity 
axis. The single curve resulting from superimposing the central parts of the 
curves in Fig. 15(a) of the paper is evidence of this fact; but it is not true, 
of course, for the layer in immediate contact with the wall, where the velocity 
increase is greater on a smooth surface than on a rough one. Comparable . 
to this for open channels would be the vertical distributions in channels of 
infinite width in which surface roughness, depth of flow, and the slope of the 
energy gradient have been adjusted so that the bottom shearing force given 
by y do S is a constant. In channels of finite width, however, the question of 
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) the effect of shearing force along the side walls, as well as the bottom, becomes 
important. In this case the bottom shear is no longer equal to y do S. Where 
flow resistance at the side walls is appreciable, the average shearing force on 
the side walls and bottom is given by y R S, in which R is the hydraulic 

‘radius and S = slope of the energy gradient. "As illustrated by Fig. 24, the 
shearing force on the bottom exceeds the average value in most cases and 
approaches, but should not equal, y do S. A dimensionless plot similar to 
Fig. 15(a) is not attempted in this discussion, but a plot of velocity distribu- 
tion is presented (Fig. 26) for those cases in which the bottom shearing 
force, as given by equal values of y do, is approximately constant. These 
velocity distribution curves differ slightly due to the fact, no doubt, that 
the bottom shearing forces may be (and are, perhaps, not) constant for any 
two pair of curves (analogous to this in pipe flow would be the condition in 
which fall in pressure is not constant); nevertheless, by superimposing those 
curves in which the values of the bottom shearing forces are approximately 
equal, it is evident that similar flow conditions will occur in the central 
region of the flow when the value of the bottom shearing force is a constant. 

As a means of further comparison, the dimensionless plot defined by 
Equation (84), and presented in Fig. 27, is made for the same velocity 
distribution curves as those in Fig. 26, Since the value of the bottom shear- 
ing force, to, is not accurately known, the mean value, y R S, is used for 
illustrative purposes; also included in Fig. 27 for comparison are plots of the 
theoretical formulas, Equations (83) and (59). It is obvious from an exami- 
nation of Fig. 27 that the experimental curves differ from the theoretical 
curves by amounts too large to be attributed to experimental errors. This 

_ difference is due to several fundamental and important factors. The assump- 

- tion that the bottom shearing force, to, is equal to y R S, or the fact that the 

value of the universal constant may be different from 0.40, does not alone 
account for the departure of the experimental velocity distribution from the 
theoretical one. Of perhaps more importance is the fact that the velocity 
distributions presented in Fig. 25 were observed in a channel of finite width, 
where the frictional resistance exerted by the side walls is appreciable. 

’ Therefore, the curves are the resultant of shearing forces exerted by both the 

bottom and the side walls and are not the velocity distributions resulting from 
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shearing forces exerted only by the bottom. It is to be anticipated that fric- 
tional forces exerted by side walls tend to present experimental curves that 
are more erect than theoretical curves. 
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Although not considered in the foregoing discussion, it is of primary 
importance to recognize that the energy of water flowing in open channels 
is not dissipated by frictional resistances only. In the general case energy is 
used in several different ways, the most important of which are: (a) In 
overcoming frictional resistances of drag along the channel walls; (b) in over- 
coming resistances due to purely viscous shearing forces; (c) in transporting 
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_ solids; (d) in the alteration of the channel cross-section; (e) in creating and 
maintaining waves on the surface of the stream; and (f) in creating and main- 
taining sand ripples. Although Factor (a) is perhaps the most important 
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energy loss in ordinary open-channel flow, it is necessary that the existence 
of the other factors be recognized. An example in this latter respect is a 
movyable-bed model with sand banks and sand bed. In this case the loss 
of energy due to Factors (c), (d), and (f) probably assumes a value in 
excess of that of Factor (a). 

The assumption that the bottom shearing force is evenly distributed 
over the wetted perimeter (that is, t~ = y R S) is merely an approximation 
as is shown by the irregularities in the isovels. That the trace of the isovels 
in a stream cross-section and the distribution of shearing force over the 
wetted perimeter are inextricably related was recognized by Leighly®. In 
1932, he described a European method of approximating the distribution of 
shearing force, which consists in dividing the wetted perimeter into equal 
lengths and drawing from the dividing points between these areas, lines, 
perpendicular to the equi-velocity lines. The areas bounded by the perimeter, 
the line of maximum velocity, and the orthogonal lines are proportional to the 
shear at the bottom. The result of such an analysis for the cross-section 


% “Toward a Theory of the Morphologic Significance of Turbulence in the Flow of 
Water in Streams”, by J. B. Leighly, Univ. of California, Publications in Geography, Vol. 6, 
No. 1, 1932, Univ. of California Press, Berkeley, Calif. 
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shown in Fig. 24 is plotted below the section. For comparison, a plot of the 
average distribution of shear, as given by y R S, and the bottom shear, as 
given by y do 8, are also given. Another approach to approximating the dis- 
tribution of shear along the wetted perimeter is from the consideration that 
the shear is proportional to the square of the velocity measured at a distance, 
y, from the wall; that is, to varies as K v*, in which K is a function of the 
distance of the velocity observation, v, from the wall. From this considera- 
tion, a picture of the distribution of shearing force in an open channel can 
be built up by first observing the magnitude of the velocity at a constant dis- 
tance, y, from the wall at various locations over the wetted perimeter of a 
section. Values of v? are then plotted along lines drawn perpendicular to the 
channel wall at the respective points of observation, the plotted points are 
connected by a smooth curve, and the area between the curve and the channel 
wall is obtained by planimeter (see Fig. 24). A mean value of K for the 
section is obtained by the relation, 


Pp 
rasax f wp pt ae (89) 
oO 


Pp 
in which iE v° dp is the area under the v” mass curve, p is the wetted peri- 
oO 
meter, and A is the area of the water cross-section; therefore, 


i == 


The multiplication of the values of the ordinates of the v? mass curve 
by K gives the value of the shearing force at the point in question. It is to be 
noted, however, that the value of K is only an average for a specific case 
since it varies with wall roughness, depth, and slope, and may also vary from 
point to point along the wetted perimeter. Calculation of the distribution 
of shear force for the section in Fig. 24 by the foregoing method yields a 
distribution that compares quite well with the distribution obtained by 
applying Leighly’s method. Of particular interest is the variation in shear- 
ing force distribution resulting when various depths and slopes were intro- 
duced into the flume, calculation of shearing force being made by the v” mass- 
curve method. The total shearing force exerted by the side walls is equal to 
the areas under those parts of the shearing-force distribution diagram whick 
have the side walls as bases. The percentage of the total shearing force 
exerted by the two side walls was found to vary with depth and to be a con- 
stant for a particular depth, regardless of slope. Fig. 28 shows a plot of the 
percentage of shearing force exerted by the side walls for various depths of 
flow in the flume. 

The information presented in Fig. 28 gives a picture of the magnitude 
of the error introduced when it is assumed that the total energy of a flowing 
stream is dissipated in frictional resistances along only the channel bottom 
This erroneous assumption is particularly serious in flume studies of cee 


—, 


sae 
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transportation of bed-load material. The usual procedure in such work has 
been to attempt to correlate the rate of bed-load movement (in pounds per 
hour per foot width of flume) with the tractive force (in pounds per square 
foot) as calculated by the term, y do S. 
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Fig. 28.— RELATION OF DEPTH oF FLOW AND SHEARING ForRcEH HXERTED BY SIDE-WALLS. 


Examination of Fig. 28 shows clearly that the difference between the true 
value of the bottom shearing force and the value of y do S varies with the 
depth of flow. Of particular importance is the fact that for a certain depth, 
do, this difference becomes greater than is shown in Fig. 28 if the bottom 
roughness is made rougher than the side walls; that is, for example, in the 
case of the sand bed in the ordinary, smooth-wall, experimental flume the bed 
roughness increases with increased height of sand ripple, the result being an 
increase in the percentage of the total shearing force exerted by the side walls 
(depth and slope, of course, are held constant as sand ripples change form). 


~ In his experiments on the transportation of bed-load, Hans Kramer, M. Ar. 
Soc. C. E.”, attempted to correct the condition of unequal bottom and wall 


roughness by roughening the side walls artificially with sand sprinkled on a 


-eoat of wet oil paint to which the grains adhered after the paint dried. 


Although this procedure is fundamentally sound, it is doubtful whether this 
type of roughness is effective in reducing the percentage of the shearing force 
that is exerted on the side walls to the value where the bottom shear can be 


89 ‘Sand Mixture and Sand Movement in Fluvial Models’, by Hans Kramer, Transac- 
tions, Am. Soc. C. B., Vol, 100 (1935). p. 798. 
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considered equal to y do S as in a channel of infinite width. In this case 
the use of the average shearing force, as given by the term, y & S, perhaps, 
gives a better approximation of the value of the bottom shear. Another 
method of reducing the effect of frictional resistances at the side walls is an 
arrangement used by OC. H. MacDougall” for diverting the sand and the water 
which flowed adjacent to the walls of the channel. This was done by twe 
longitudinal plates fixed 4 in. from each side of the flume at the outlet tank. : 
By this means it was possible to separate the sand and water which moved 
down the central part of the flume and exclude from the measurement that sand 
and water which had been retarded by the wall friction. The results of the 
experiments were assumed to be those which might have been found in a 
channel of infinite width. However, from the foregoing discussion, it is 
obvious that such an assumption for an experimental flume is perhaps not 
true. Perhaps the neglect of the fact that a large percentage of the energy 
of a stream may be expended at the side walls of a channel, and, therefore, 
may not be useful for moving bed-loads, accounts for the erratic variations 
and inconsistent relations obtained in many experiments on the transportation 
of bed-load. 

From the foregoing considerations, it seems that experiments to determine 
a relation between channel-wall shearing force and velocity distribution for 
channels of both finite and infinite width would afford a rich and desirable 
field for research. H. Engels“ performed some experiments in this respect 
by measuring the tangential drag on a sand-coated plate 50 by 10 cm in size, 
recessed in the channel bottom. Simultaneous with the drag observation, the 
vertical velocity gradient at the center of the plate was also measured. This 
work has been criticized because the channel was not roughened artificially, 
as was the plate, and the assumption that the shearing force on the plate is 
equal to the average shear is probably not strictly true; furthermore, the 
velocity distribution is probably changing along the plate, thus causing a 
non-uniform distribution of shear. Simultaneous observation of velocity 
gradient by accurate Pitot tubes and of distribution of shearing force with 
an instrument perhaps of the type recently used by Townsend® would prove 


of great value to a better understanding of the mechanics of flow in open 
channels. | 


ee ee ee ee ee Ee ee ee eee 
*# “Bed Sediment Transportation in Open Channels’, by C. H. D 
tions, Am. Geophysical Union, 1933. : y MacDougall, Tronsoc™ 


“ “Versuche iiber den Reibungswiderstand zwischen stromenden Wasse ye 
von H. Engels, Zeitschrift fiir Bauwwesen, p. 473, 1912 a arene Fo : 


“For description, see ‘Aerodynamic Theory”, Vol. 111, Pt. G, a D i 
(Published in English by Julius Springer, Berlin, 1935.) We Fe Re eae : 
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BEHAVIOR OF STATIONARY WIRE ROPES IN 
TENSION AND BENDING 


Discussion 


By INGVALD E. MADSEN, JUN. AM. Soc. C. E. 


Inevatp E. Mapsen,” Jun. Am. Soo. C. E. (by letter).“*“—The assumption 
is made in this paper that the loss of strength of wire ropes over sheaves is 
practically all due to bending stresses, and thus may be evaluated by some’ 
bending stress formula. The writer believes that this assumption is not entirely 
justified, because all bending stress formulas are based on elastic conditions, 
and, consequently, cannot apply with any accuracy above the elastic limit, and 
certainly not at the breaking loads. Most of the usual stress theories, apparently, 
give absurd stresses for the breaking loads, and, consequently, have been dis- 


- paraged as not picturing true conditions. However, these theories actually 


kt 


may not be so far wrong within the elastic limit. This would seem to be 
borne out by the breaking of ropes in service under comparatively low loads, 
because the bending of the rope over sheaves causes stresses far above the 
fatigue limit, and it takes a relatively small number of repetitions of load 
to cause some of the wires to break. 

The same conditions are present in the usual structural research problems. 
In order to determine the stresses in a structure, experimentally, the strains 
are measured and multiplied by the modulus of elasticity of the material 
(usually 30000000 Ib per sq in. for steel). However, if the material has 
exceeded its yield point, large strains are present, and if the method is 
then applied, calculated stresses result which are far greater than the break- 
ing stress for the material. Analogously, the same thing occurs when the 
stress theories for bending in wire rope, are extrapolated to the breaking loads. 

Actually, when a wire is bent over a sheave, large bending stresses occur 


‘at first; but as soon as the yield point of the wire is reached the wire yields 


resulting in a re-adjustment of stress. Since practically all the wires used 
in cables have no definite yield point, this is a gradual process. 


Norp.—The paper by Douglas M. Stewart, Jun. Am. Soc. C. B., was published in 
February. 1936. Proceedings. Discussion on this paper_has appeared in Pracecdings, as 
follows: May, 1936, by Messers. C. D. Meals, and G, P. Boomsliter. 


“2 Medford, Mass. 
32a Received by the Secretary April 29, 1935, 
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There are several other causes that will weaken a rope when tested over a| 
sheave. One of the most important is the nicking effect which occurs between | 
the outside wires of the strands. As the strands are wrapped around the} 
center core, the outside wires of the strands bear on each other, and since} 
these individual wires cross each other at a fairly sharp angle on the inside} 
of the strand, they nick each other as the rope compresses under load. These} 
nicks reduce the cross-sectional area of the individual wires, and, conse-- 
quently, weaken the wire. When a rope is bent over a sheave, the nicking } 
effect is more pronounced, since the bottom of the rope bears on the sheave, , 
and the normal force between the wires will be augmented by the radial force: 
of the rope on the sheave and its reaction. This radial force” is equal to the: 
tension in the rope divided by the radius, or, in other words, is inversely pro- | 
portional to the diameter of the rope. No nicks of any magnitude occurred . 
between the wires of the same strand, since these wires cross each other at a. 
small angle, and have a long bearing surface on each other. 

Thus, the wires which will break first are not the inside wires as has 
been usually assumed, but the outside wires of the strands which break ait 
the nicks formed by the crossing wires. These breaks are not visible to the! 
eye, and were determined only by unraveling several cables which had broken 
over a sheave at one of the tangent points. When this was done, it was 
discovered that a large number of the outside wires of the strands, and only 
these, were already broken at the other tangent point, showing that these wires 
were the first to break. 

The writer continued Mr. Stewart’s work, and tested 1-in., 6 x 21, 1-in. 
6 X 19 Seale, and 1-in. 6 X 19 Warrington, regular lay, non-preformed 
cables, with just about the same results obtained by the author. However, 
it was felt that if the wires were nicked by testing them over sheaves, these 
wires, of course, would be weakened permanently, which would be revealed in 
a simple tension test. After the several cables had been tested in tension, 


Fic. 19.—Vinw SHow1nG NICKS IN WIRD Ropn. 


and over the 18, 14, 10, and 7-in. sheaves, they were unraveled, and ten : 
individual wires of each size in the rope were taken from the part of the rope 
which lay over the sheave. These wires were carefully straightened by hand. 


* “Applied Mechanics”, by C. E. Fuller and W. A. Johnston, Vol, 1, p. 268, 


BrP 30. - 
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Nicks were noticeable in all the outside wires, and a view of a typical nick 
is shown in Fig. 19. The reduction in cross-section is clearly shown. On the 
inside wires, there were no appreciable nicks and only a very small decrease 
in strength was revealed in the tension tests. 

The nicks in the outer wires were larger in the specimens broken over the 
smaller sheaves, as would be expected, and, consequently, these wires were 
weaker than those taken from the 
cables which had been tested over 
the larger sheaves. This loss in 
strength of individual wires (diam- 
eter, 0.0795 in.) is shown by Curve 
A, Fig. 20.. A graph of the>loss in 
strength of the cables (cast-steel, 
regular lay, non-preformed) over 
the various sheaves is shown by 
Curve B, Fig. 20, and it is seen that 
the loss of strength of the cable 
over the various sheaves, and the 
loss of strength due to nicking are 
quite similar. The results shown, 
are for the 1-in. 6 te Seale, and ceo Roce oanekre eee mee ies rea 
the results for the other cables were 
essentially the same. These results 
show that a large proportion of the loss of strength in cables is due to the 
nicking effect. 

The occurrence of these nicks is an added explanation of the failure of 
cables running over sheaves at fairly low loads. Under the repetition 
of loads, the wires chafe on each other, enlarging the nicks and reducing 
the strength until the wire breaks, and this effect is much more pronounced 
when reverse bends are present. 

Stress-strain curves were also drawn of the wires from the broken cables. 
For some reason, which is most likely the change in cross-section of the 
individual wires due to abrasion and squeezing in the cable, the stress-strain 
relationship of the wire seems to change during the testing of the rope. In 
Fig. 21 are shown the stress-strain curves for a single wire in the rope. The 
dotted line is obtained from the wires which went into the.rope. The full 
line is obtained from individual wires taken from a broken rope, and this is 
the curve that should be used in transposing strain data to stress data. 
If this is done, the load stress curves in the author’s Fig. 11, will approach 
the load-divided-by-net-area line. Similar curves demonstrating this fact 
for the 1-in., 6 xX 19 Seale are shown in Fig. 22. Curve F is obtained by 
using the dotted line in Fig. 21. This curve is seen to be similar to the 1-in. 
6 x 7 regular lay, shown in Fig. 11. Curve C, in Fig. 22, is obtained by 
using the solid line in Fig. 21, and, at the breaking load, the stress in the 
wires is about equal to the average stress. This is what one would expect, 


Percentage Loss in Strength 


Fic. 20. 
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since the plastic flow of the wires above the yield point, re-adjusts the stress 
throughout the various wires so that they are nearly equally stressed, and 


at the breaking load they have the same stress. Eta: 
This condition is contrary to the author’s theoretical stress distribution 


shown in Fig. 15. The writer believes that this distribution is in error for | 


lal el) eer re a 
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to 10. 


several reasons: First, the wrong stress-strain diagram for the single wires 

. was used; second, the instruments used to measure strain, measured it along 
the chord of the curved wire, and not the actual strain; and, third, the stress 
in the outer wire is balanced against the assumed stress in the core wire, 
whereas actually there are enough more outside wires than core wires so that 
the average stress in the cable is not far from the stress in the outer wires. 
If these factors were taken into account, the stress in all the wires would be 
seen to be equal to the average stress as shown in Fig. 22. 

A few more remarks on the general behavior of wire ropes may be appro- 
priate. A wire rope may be considered as a single solid bar, or an assembly 
of individual wires, each acting separately. If thought of as a bar, the usual 
theories for curved beams would apply. Actually, the behavior of a wire rope 
is somewhere between these two conditions, the exact degree depending on 
the relative friction between the wires, the lubrication of the rope, the 


a —~, ‘ ; 
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aro 


resistance of the individual wires to abrasion; and similar factors. The inde- 
terminacy and the variation in these factors would tend to remove wire ropes 
from the fields of mathematical analysis. All bending stress theories are 
based on the assumption that the stress of a rope over a sheave varies from a 
maximum at the outside of the rope to a lesser stress on the sheave; and yet 
these theories assume that if an individual wire is taken out as a free body 
for analysis, the stress at the two ends of the wire is the same, and that 
there are no forces acting along the wire. If a section of any individual 
wire is taken, it will go from the outside of the rope to the inside. The 
difference between the two ends of the wire must be due to forces introduced 
by friction and the bearing of one wire on another, which forces are prac- 
tically always neglected in analysis, but they cannot be neglected and still 
give a true picture of what actually occurs in the rope. 
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VARIED FLOW IN OPEN CHANNELS 
OF ADVERSE SLOPE 


Discussion 


By Messrs. J. C. STEVENS, F. T. MAVIS, AND HUNTER ROUSE AND 
MERIT P. WHITE 


J. C. Stevens,” M. Am. Soc. C. E. (by letter).“*—There seems to be little 
use for injecting the “varied flow function” into the computations of surface 
curves. Such functions are not only 
more laborious to apply, but they are 
full of inaccuracies as a result of the 
many basic assumptions and approxi- 
mations entering into their develop- 
ment 

Fig. 7 shows the relationships 
that must obtain between two adja- 
cent sections a distance, Az, apart. 
The distance, Az, is finite, the only 
limitation being that the surface 
curve is considered to have a uni-— 
form slope in that length. For a sus- 
taining bed slope, Fig. 7(a) yields 
SoAx =f Yr + ha = Ye + he ae S;Ax™ 
whence, 

Ace “wAey 
S; — So 
in which Ae = (yi + ki) — (yo + he) 
—that is, the loss of specific energy 
in the reach, Ax. It is considered 
positive downward since there can. 
be no gain in energy with constant | 
flow; S; is also positive being merely 
Fie. 7. the rate of energy loss by friction. 

Nore.—The paper by Arthur EB. Matzke, Jun. Am. Soc. C. E., was published in 
follows: May, 1036, by Messrs. Pi tee eee eae ee eepeared Ane rpoceding a 

71 Cons. Hydr. Engr. (Stevens & Koon), Portland, Ore. ; . 

1a Received by the Secretary April 20. 1936. : 


i 


vee ee (20) 


; 
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A similar expression from Fig. 7(b) for adverse slope, results in, 


UN as _ Ae 
Sr +8o 
Equations (20) and (21) are perfectly general” and apply to any regular 

channel in which the area is a function of the depth; that is, rectangular, 

trapezoidal, circular, triangular, parabolic, ete. 

If there are energy losses in addition to friction, such as impact or eddy 
losses, they are deducted from the total energy losses. Thus, the general 
surface curve formula as indicated in Fig. 7(c), may be written, 


oats Mes (2) 


ee er 0) 

S; F So 
depending on whether the bed slope is sustaining or adverse. In Equa- 
ition (22), 7 = head losses due to impact and eddies. 

Whenever velocities are diminishing as in expanding conduits, there is an 
inherent eddy loss, 7, in addition to the normal channel ‘friction. The varied 
flow functions necessarily assume full recovery of velocity head which is 
never realized. 


eset (29) 


TABLE 4—Computations ror Exampie 1, Appryine Equation (21) 


ay 5 = w g =] 
> BSI 2 = oo ye a 
J ag foe Un las 3 +5 | Friction icti Ea bo 
= g g ae, S as | slope, Sy, | Average 3s ee £4 |8s 
> > e 1% 25 | se | se 8 at the fricti rors | (SS 
2 = i > a sto | 23 | Pe 5 Beton. Sy, plus | ‘4 4\o8 
a S O5] zs 6 5 g ES section | slope, S’y | hed’slope, | = 5 |S 24> 
= je 2 ee ee a8 |3 |3 | $4 |command- a | eS |e 
er oad | > > | BF a Ee | M8 | edbyy ; 38 aes 
(1) (2) (3) (4) (5) (6) @ (8) (9) (10) (11) (12) (13) | (14) 
(a) Equations (20), (21), AND (22) AppLiep To ExaMpPLe 1 
3.0] 58.5 | 8.88 | 1.226 | 4.226] ..... 25.8 | 2.26 (YA SUR LUC as nn ato tul [oeanasaes ap 0 
3.2] 63.4 | 8.20 | 1.045 | 4.245 | 0.019 | 26.5 | 2.39 68 | 0.00610 | 0.00692 | 0.00732 2 2 
3.4| 68.3 | 7.61 | 0.900 | 4.300 | 0.055 | 27.2 | 2.51 68 | 0.00500 | 0.00550 | 0.00590 9 il 
| 3.6] 73.4 | 7.07 | 0.777 | 4.379 | 0.079 | 28.0 | 2.62 69 | 0.00400 | 0.00450 | 0.00490 16 27 
3.8] 78.7 | 6.60 | 0.672 | 4.472 | 0.093 | 28.7 | 2.74 70 | 0.00324 | 0.00362 | 0.00402 23:0 aro) 
4.0] 84.0 | 6.18 | 0.594 | 4.594 | 0.122 | 29.4 | 2.86 70 | 0.00263 | 0.00293 | 0.00333 37 87 
4.2} 89.5 | 5.81 | 0.525 | 4.725 | 0.131 | 30.1 | 2.97 71 | 0.00226 | 0.00245 | 0.00285 53 130 
4.4} 95.0 | 5.47 | 0.465 | 4.865 | 0.140 | 30.8 | 3.09 71 | 0.00193 | 0.00209 | 0.00249 56 186 
4.6 | 100.7 | 5.16 | 0.414 | 5.014 | 0.149 | 31.6 | 3.18 72 | 0.00162 | 0.00158 | 0.00198 75 261 
4.8 | 106.6 | 4.86 | 0.367 | 5.167 | 0.153 | 32.3 | 3.30 72 | 0.00138 | 0.00150 | 0.00190 81 342 
5.0 | 112.5 | 4.61 | 0.3832 | 5.332 | 0.165 | 33.0 | 3.41 73 | 0.00117 | 0.00128 | 0.00168 98 440 
5.5 | 127.9 | 4.06 | 0.256 | 5.756 | 0.424 | 34.8 | 3.68 74 | 0.000818 | 0.000994 | 0.00139 | 305 745 
6.0 | 144.0 | 3.60 | 0.202 | 6.202 | 0.446 | 36.6 | 3.94 75 | 0.000584 | 0.000701 | 0.00110 | 405 | 1 150 
6.5 | 160.9 | 3.23 | 0.162 | 6.662 | 0.460 | 38.4 | 4.19 76 | 0.000431 | 0.000507 | 0.00091 | 500 | 1 650 
7.0 | 178.5 | 2.91 | 0.132 | 7.1382 | 0.470 | 40.2 | 4.44 77 | 0.000320.{ 0.000875 | 0.00077 | 610 | 2 260 
(b) CoMPUTATIONS FOR EXAMPLE 2 
i. | 30.0) 36.0 | 20.15 | 21.65-| ..... 23 1.30 | 123 OLOG6O Ny cin Re liores ‘ae 0 
2.0 | 40.0 | 27.0 | 11.33 | 13.33 8.32 | 24 1.67 127 0.0270 0.0465 0.0469 178 178 
2.5 | 50.0] 21.6] 7.25] 9.75 | 3.58 |] 25 | 2.00 130 0.0138 0.0204 0.0208 172 350 
3.0 | 60.0} 18.0 | 5.04] 8.04 1.71 26 | 2.30] 133 0.0080 0.0109 0.0113 151 501 
3.5 | 70.0] 15.4 | 3.69] 7.19 0.85 | 27 | 2.59 135 0.0050 0.0065 0.0069 123 624 
4.0 | 80.0] 13.5) 2.83] 6.83 0.38 | 28 | 2.86} 137 0.0034 0.0042 0.0046 83 707 
4.5 | 90.0 | 12.0} 2.24] 6.74] 0.09] 29 | 3.10] 139 0.0024 0.0029 0.0033 27 =| 734 


* Energy head above the channel bed. ft For n = 0.025. 
Equations (20), (21), and (22) are applied step by step, computing directly 
ithout trial—the length, Az, corresponding to successive increments or 


22‘‘New Method of Computing Backwater and Drop Down Curves”, by Alva G. 
Husted, Engineering News-Record, April 24, 1924, p. 719. 
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decrements of depth. All that is required is a starting point; the computations 
may proceed either up stream or down stream. Table 4(a) shows the compu- 
tations for the author’s Example 1. 

There are no “conveyance” factors involved; nor are normal depths, yo, 
normal slopes, So, or critical slopes, Sc, required. Before the varied flow 
functions can be applied, all the various functions of the cross-section for all 
depths within the range must be computed* and curves must be drawn in 
order to determine the normal depth parameter; the normal and critical 
slopes, from which to find the constant, 8, must also be obtained. The 
exponent, n, must be found or assumed, and, therefore, a set of computations 
as complete as those of Table 4(a) must be made before one begins to apply 
the varied flow function—and then one must have the varied flow tables. 

All that is required for Table 4(a) is a slide-rule and a table of Kutter — 
coefficients. The distance between depths of 3.0 and 5.0 ft by the method 
herein, outlined, is 440 ft—the author gives 459 ft—a fair agreement. 

The curves of Fig. 4 of the paper are certainly in error because the varied 
flow functions assume complete recovery of velocity head in the expanding 
water prisms from the gate to the end of the critical depth. Moreover, for 
the channel and flow given, the critical depth is 4.5 ft instead of 4.4 ft as 
given by the author. 

Table 4(b) shows the computations by the method herein outlined. The 
total length between depths of 1.5 and 4.5 was found to be 734 ft, whereas 
between depths of 3.0 and 38.5, it is 123 ft. This length, using smaller depth 
increments, was found to be: 


Depth increment, Distance, in feet, between 
in feet depths of 3.0 and 3.5 feet 
U.S or. Ye, or S0.a ro somnenediner eicbn diay shah eeet ah a eye erea Renee mee 123 
QD ve screieiaye' sae teaiation: suptiacts sieicus le. Spetereweiet Readers eketare whet 125 
Oss Lariys ohare eeelals. 5: secreuetosb ie eieke ee Gee ok oNrien tate acene eaters 126 


In Example 2 the author gives 160 ft for that distance. In searching for 
these discrepancies, the writer finds the varied flow functions very sensitive, 
even to dropping fourth place decimals in interpolation. He also finds™ that 
the exponent, n, for this channel is 3.1 for depths less than 4.0 ft, and 2.75 
for depths greater than 4 ft. The author used 3.0 throughout. 

Table 5 shows the writer’s findings for the distances from the gate to the : 
critical depth in the author’s Example 2, using the varied flow function. 


The last value (756 ft) compares favorably enough with the 734 ft of 
Table 4(0). 


TABLE 5.—-Distances rroM THE Gate To THE Critica, DeptH in ExampLE 2 


Exponent, Critical "depth, ys, in feet Distance, in feet, from gate } 
n to critical depth 
BL OE Rae's stolaleie cic cicctoeipene 4.4 
Bc, ica st ae 4'5 342 
Oe Land 2 Se decsde oe ees 4.5 756 


0e——6—ooOoOnmnanananan@s$SasqNaOu09NSmUmUmS 
3 See “Hydraulics of Open Ch 1s” 
for the system of curves repaired tnfunsstnl L Rey aera a eee ae We ot 


* Loc. cit., p. 318. 
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The writer found the distance between depths of 3.0 and 3.5 and n — 3.1 


by differently interpolating the function, but confining the results to three 
decimal places: y, = 3.0; m, = 0.374; B’(m:) = 0.342 or 0.343; Yn == 3:53 


+2 = 0.405; and, B’ (4) = 0.898 or 0.399; hencé, by the author’s Equation (13), 


p= 8 T0408 = 0.847) 41.17 (0.398 — 0.343)] = 130 ft 


0.0004 


or, 
8.65 
0.0004 


This shows a variation of 50% in the computed length. 

The author gives this length as 160 ft, whereas the writer found 126 ft by 
his method. All methods (including those of the writer) are in error, however, 
because complete velocity-head recovery was assumed, and such recovery, is 
impossible of realization. 

The simple method outlined herein can readily take into account these eddy 
losses. They are usually estimated to be some percentage of the negative 
change in velocity head between adjacent sections. This percentage may be 
any value from 10 to 100, depending on the character of the channel and the 
judgment of the engineer; 10% to 20% may be used for artificial channels 
such as are treated herein, whereas 50% is a fair value for ordinary river 
channels. The effect of including eddy losses is to shorten the length between 
given depths. 

If the varied flow function is to be used, the tables should be extended to at 
least four decimal places in order to avoid discrepancies due to interpolation. 


[— (0.405 — 0.347) + 1.17 (0.399 — 0.342)] = 195 ft 


ot = 


F. T. Mavis,” Assoc. M. Am. Soc. C. E. (by letter).**—Depending upon 
the reader’s point of view this paper may be considered either as a valuable 
supplement to previous discussions of steady, non-uniform (or varied) flow 
in open channels, or as an academic treatment of a special case of the broadly 
general back-water problem. In the first category the paper is so much a part 
of its antecedent? as to be scarcely legible except by frequent reference to it. 


In his practical examples the author leaves his reader to glean from other 


sources that, in Fig. 3, Kutter’s n is 0.025 and, in Fig. 4, 0.013. Needless 
reference to authority for definitions of such terms as “the hydraulic 
exponent, n”, and the critical slope, Sc, seems to be unwarranted when these 
terms are so readily definable. (For a given depth of flow, 9, is the normal 
(or neutral) slope required to produce a velocity head equal to one-half the 


hydraulic mean depth; S, = a in which g = acceleration of gravity; 
t 


p = wetted perimeter; (© = the Chezy coefficient; and t = width of water 


= 


2 Assoc, Director in Chg. of Laboratory, Iowa Inst. of Hydr. Research; Prof. and Acting 
Head of Dept. of Mechanics and Hydraulics, State Univ. of Iowa, Iowa City, Iowa. 
2a Received by the Secretary May 7, 1936. 
2“ ydraulics of Open Channels”, by B. A. Bakhmeteff, M. Am. Soc. C. E., Eng. 
Societies Monographs, N. Y., McGraw-Hill Co., 19382. : 
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surface; n is twice the slope of the curve on logarithmic paper, showing 


K=CANR= Q as ordinates, and the corresponding depth of flow, y, 


NARS) 


as abscissas. ) 

In the “Synopsis” the author states that “practical application [of the 
general equations for varied flow in channels of adverse slope] depends on 
knowing the numerical values of a function, similar to the ‘varied flow func- 
tion’, for canals of sustaining slopes.” 

It is the writer’s opinion that the practical solution of back-water problems 
cannot be safely discussed in the abstract. In important practical prob- 
lems one may well be wary of the better-known back-water functions, except 
as general guide-posts. Ignoring the simple, academic problems, the practical 
solutions withstand the tests of future observations and the Courts, rather on 
the strength of reliable basic data and the experience and sound judgment 
of a competent engineer than on the details of thé methods of computation. 
Among the essentials to the practical solution of back-water problems it may 
be stated that: 


(1) The engineer must be thoroughly acquainted with the conduit. Given 
adequate profiles, cross-sections, and field data, he must draw on a rich back- 
ground of experience in the assignment of roughness factors and effective flow 
sections in curved and irregular conduits. 

(2) The relation between flow and corresponding head losses must be 
assumed. In the simpler cases this is usually expressed as a formula for the 
mean velocity of flow in terms of the roughness factor, hydraulic radius, and 
the friction slope. 

(3) Obviously, the computer must be well-grounded in the fundamentals 
of hydro-mechanics—work and energy (Bernoulli’s theorem), and impulse and 
momentum—and in their application. It is desirable that he possess an apti- 
tude for simplifying and idealizing a given problem for purposes of computa- 
tion without introducing significant or uncertain errors. 


In practice, those who must solve back-water problems of importance are 
likely to develop their own methods of analysis—based generally on the equiva- 
lent of the author’s Equation (2) and applied to the effective conduit. 

In back-water problems of rivers the distances between valley cross-sec- 
tions are usually fixed by the surveys. Therefore, explicit relations for length 
of reach, similar to Equation (7), may not be as convenient as a more elemen- 
tary form of equation, based on steady flow within a short reach, solved by 
trial. 

Fundamentally, there is no difference between the author’s method of 
computing back-water curves by the so-called “varied flow functions” and 
methods of successive approximation applied to short reaches of a stream. 
For a short reach, a regular channel, and steady flow, Fig. 1 and Equa- 
tion (2) apply equally well to all methods. 

In the method of successive approximations each reach presents a definite 
problem of determining for a given discharge the relation between water- 


‘ 
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surface elevation and slope at the mean section. Furthermore, the water-sur- 
face elevations at the common sections of adjacent reaches must coincide. 
A consistent water profile is obtained by successive trial computations. The 
difference in water-surface elevations at two sections is found simply by 
the numerical addition of the products of each intervening length of reach 
and its corresponding surface slope. 

In the author’s method the problem which involves definite physical factors, 
such as discharge, in cubic feet per second, elevations (or depths), in feet, 
and slopes of water surfaces, is early obscured by the introduction of the 


dimensionless ratios, 7 = 4, f= Bo and n = 9 # (“s 

Yo Se K \ dy 
ratios is a function of y, the depth of flow in the conduit, although there may 
be no significant error introduced by assuming 8 and n to be constant for 
purposes of integration. Although integration is often a convenient method 
of finding the sum of a column of figures that represent some regular, 
analytical (or graphical) array of numbers, the integration leading to the 
B’ (»)-functions replaces, in part, the numerical addition of products of each 
length of reach, and the corresponding surface slope aforementioned—nothing 
more. 

For the solution of back-water problems in regular, artificial conduits, 
such as canals, sewers, etc., it may be that the so-called ‘varied flow functions” 
may effect a saving in time over the more elementary method of successive 
approximations. However, for practical river problems in which back-water 
curves are important, the author’s method seems to be distinctly inferior to 
the method of successive approximations in which there is no necessity for 
overlooking such factors as roughness and effective sections, and obscuring 
such physical quantities as elevation, slope, and discharge, by introducing 
dimensionless ratios. 


). Each of these 


Hunter Rovss,” Assoc. M. Am. Soc. C. E., anp Merrr P. Wuirn,” Jun. 
Am. Soc. C. E. (by letter).”*—An effort such as this, to make available to 
hydraulic engineers additional means of simplifying open-channel design, 
should be welcomed by the hydraulic world. Although the subject of sustain- 
ing slopes has been covered amply elsewhere, this is the first successful attempt 
to provide both an outline of procedure and tabular values for the solution of 
problems of adverse slope. The labor of determining the numerous values of 
the B’ (n)-function is not to be under-estimated, although the many hours 
given by the author to this tedious computation have been well spent. 

Tt seems to the writers that the author’s method of arriving at what should 
be a general equation of varied flow does not lend full clarity to the physical 
principles involved, for the procedure adopted with respect to signs tends to 
conceal the basic nature of the problem rather than to explain it. Indeed, 
the use of an upward—and hence negative—slope at times as a positive 
value is often confusing. 


26 With Soil Conservation Service, California Inst. of Technology, Pasadena, Calif. 
20a Received by the Secretary May 22, 1936. 
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Mr. Matzke has designated a downward slope as positive and an upward 
slope as negative; to be consistent, this notation must apply as well to the slope 
of the water surface and of the energy line as to the slope of the channel 
bottom. The symbol for the slope of the water surface, Sw, for instance, 
therefore, denotes either a downward slope or an upward slope, depending 
upon whether its value is greater or less than zero.”” Referring to Fig. 8, the 
elevation of the free surface at any section, regardless of slope, is equal to 
the depth, y, plus the elevation of the channel bottom, ho. Letting Hp repre- 
sent the total potential head, or the vertical distance from the assumed geo- 
detic datum to the water surface: 


Hy rye (he Bias 00 6 ake te 


The rate of change of this surface elevation in the positive direction of flow 
is then simply the derivative of the potential head with respect to x: 


Gy Hn, ABs, Whos cos Situ oden tye UaM Te (24) 
dx dx dx 


Since a downward slope is positive (that is, greater than zero), and signifies 
a negative rate of change of elevation, 


dx it 


Equation (25) is offered in preference to Equation (1), for it is mathematically 
correct for both positive and negative slopes of the water surface and for both 
sustaining and adverse slopes of the channel bottom. 


—_Energy a Line: Se> er is F —— __ Energy Aull So> > 0 
N - 
; bets) als ha eee eh Sieh ore ita } 
ae = et am 
| ° © Alo ae 
> 
o< 0 > 0 
> : 
So> 0 PIO ar > 
(6) : 
Leni hee i 
(a ac 
Fie. 8. Fic. 9. 5 


Proceeding in a similar fashion, the total head, H, above the arbitrary” 


geodetic datum at any section is equal to the sum of the velocity head and — 
the potential head (refer to Fig. 8): 


ie On lev ate (26) 
ye i Maroc aaa < y 


3b Wor Transactions, the symbol for slope, 8, will be changed to read g throughout 


} 
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The rate of change ‘of total head in the positive direction of flow is then 
simply the derivation of this expression, with respect to x: 


dH dl ff We dy dho 

eee (Ss ae oe os eee trata at Gee 

dx f(F)+%4 dx - ep 
Since the positive rate of change of total head is equal to the negative rate 
of loss of total head, cs aS , the latter dengue being used in 


dx da 
Equation (2); and since a positive rate of loss corresponds to a positive or 
downward slope, 


Equation (28) is offered to replace Equation (2); it is quite as general 
as Equation (25). 
The Chezy equation, 


eee ASO Rg Seats Seca! oes ae ee COD) 


expresses the rate of discharge, Q, in terms of the cross-sectional area of flow, 
A; a coefficient, C; the hydraulic radius, R; and the slope of the energy 
line, Se. The first three terms, A, C, and R, depend only upon the cross-sec- 
tional shape and roughness of the channel and the variable depth of flow, and 
may all be determined as functions of y for a given channel. As shown by 
Bakhmeteff’, the product, AC a/ R, as a function of y may conveniently be 
given the symbol, K, to denote the “conveyance” of the channel; hence, 


OPK ER CO Orne see ck tas Meo) 


If the discharge and the conveyance are such that for the given bottom 
slope, So, the depth of flow is uniform over the entire channel, then y = yo 
and the slope of the energy line, Se, is equal to both the surface slope, Sw, and 
the bottom slope, So. For such conditions, 


De NPG EDO INS SG, SLO ie PAU C3) 


The term, Ko’, is used as a convenient relative parameter for flow on sus- 
taining slopes, and has been adopted by the author for adverse slopes as well. 
Since uniform flow on adverse slopes is an artificial condition, such usage 
may well bear further analysis. 

Although Sw and So may be either positive or negative with flow in the 
positive x-direction, a negative value of S- can only signify flow in the nega- 
tive x-direction, for the energy line must invariably slope downward in the 
direction of flow. Hence, the equation of uniform flow, 


Ou JA One) BA Bo = FOBRAIS ape cad SER ecw sey (OOD 


2“Wydraulics of Open Channels’, Hng. Societies Monograph, McGraw-Hill Co., 1932. 
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when used as a flow parameter, must be such that for negative values of So 
the discharge will also be negative (that is, it will still be in the eareceae: of 
decreasing energy and downward bottom slope (see Fig. 9)). Thus, Q? and 
K.2 So are invariably positive, regardless of whether the numerical value of So 
is positive or negative. 


A plot of So = ous = ponsiyne , shown schematically in Fig. 10, indicates 
K,? K? 


clearly the fact that for negative values of Sq the conveyance, Ko, must be 


Ms 
Yo 


Values of » 


B(n) 
(Sy > 0) 
(Constant = 0) 


(0) 1 2 


1 dy 
Values of Constant -{ Se 
ol 


Fie. 10. Fie. 11. 


imaginary, since its square is negative. This may be true only if the coefii- 
cient, C, becomes imaginary for all negative values of So, since A and R are 
invariably positive. In the relationship, Q? = Ko’ So, used by the author 
following the procedure outlined by Bakhmeteff?, the imaginary root, 
i =~»/—1, contained in Ko for negative values of So, therefore, cannot be 
neglected. 


Such discontinuity in the conveyance function will be more clearly under- - 


stood if one recalls that as the slope of a channel approaches zero, the 
discharge thereby remaining constant, the uniform depth must approach 
infinity in order that the slope of the energy line may also approach zero. If 
the slope of the bottom continues to decrease, once it is less than zero 
uniform conditions are quite impossible unless the flow reverses in direction. 
Continued use of the uniform flow relationship of Equation (32) as a para- 
meter for varied flow in the positive z-direction naturally requires that this 
equation be mathematically consistent. 

The following substitutions are now in order, after the method taken by the 
author from the cited text?: 


2 2 
=e = 08 
Sai iraey 0 Fe ttt MES. (38) 
2(F)--¢ hw. — SoKo? _g dy _ _ So Ko? dy (34) 
dx \2 g A® dx gS, K dx SK qiees 


- 


eee oh 
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and, 
S 
Gf "PO oe cone See oe ere (35) 
S. 
Introducing Equations (33), (84), and (85) in Equation (28), 
2 Cars 
& (Se UE a eee ee (36) 
Ke K? dz dx 
and, since K” varies as y”: 
y — Keo? qt (% y 
2 
BE A cee Ne ae ae (37) 
1 y 


Equation (87) is quite general, applying to positive and negative slopes 
of the water surface and sustaining and adverse slopes of the channel bottom; 
as such it is offered as an improvement on Equation (4). One need only 
remember that when So is negative, Ko’, and hence, yo”, must have negative 
numerical values owing to the square of the imaginary 7. That @ will, of 
itself, become negative is quite evident, since it then represents the quotient 
of two slopes of unlike sign, S always being positive. 


From the relationships 7 = % and dy = yo dn: 


Yo 
aes 
DICTED Sis oaks tee erate Pn en (38) 
Soparersyes glee 'p 
n” 
which becomes, through division, 
sie Se POR TROY ge) ere Maa neh (39) 
Yo Sie aa nn —1 


‘Equation (39) is offered to replace Equation (5). The term, ", now becomes 
negative with negative values of So, again owing to the imaginary value of (C. 

Integration of Equation (39) between the limits, x, and a, and 7 and ‘,, 
will be as follows: 


" 

2 d 
So —2)=S=n—nt fa—6 ney (40) 
Yo y 1 nn” —1 


fe) 


Equation (40) is completely general, and as such is to be recommended 
instead of Equation (6). For positive values of So, after Bakhmeteff”. 


1 
sf. LUE ae Constant: — Bo (4) news wisn Rares eine ioe (41) 
oma ae 
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When 7 < 1, the constant has been taken as zero in computing the values of 
B () given by Bakhmeteff*. Equation (40) then becomes, for So > 0, 


4. = ce [m2 — m — (1 — B) (B (ms) — B(m))] 0+- eee (42) 


° 


For negative values of So and hence of »", following the same designation 


as to sign, 
0 
ff 9. 33. BU ie, eee (43) 
RR iar | 


in which the numerical values of the function, B’ (4), are correctly given in 
Table 2. Thus, when So < 0, 


1. = 4 [m2 — m — (1 — 8) (BY (m) — BY (m))] -- e+e (44) 
o 
which is fully commensurate with Equation (42), and as such is offered in 
1 
preference to Equation (7). The form of the function, — up ay 2 for values 
° n — 


of So and »” greater and less than zero is indicated in Fig. 11. 

The writers believe that adherence to the foregoing rigorous and general 
development will avoid confusion in the future treatment of varied flow; 
this development will also explain the apparent dissimilarity in the equations 
for adverse and sustaining slopes in the paper. 

In closing, two essential points already discussed at length by Professor 
Bakhmeteff? might well be emphasized. First, the development of the varied 
flow relationships is based entirely upon the assumption of motion in which 
the curvature of the stream lines is not appreciable, and in which the pressure 
distribution, therefore, is hydrostatic. The surface curve is thus a function of 
varying resistance and is independent of the dynamic effects of rapid accelera- ~ 
tion or deceleration. In the neighborhood of the critical depth, however, curva- 
ture actually becomes of major importance, and only because of the great length 
of channel involved in the resistance curve can this phenomenon of local. 
transition be disregarded.” Second, success in applying these relationships 
in the accurate design of channels depends entirely upon the proper determina-; 
tion of the Chezy coefficient, C. At present, this must depend upon one or 
another of the several empirical relationships for C, not one of which can 
stand a rational analysis. Only when resistance in open channels is as well 
understood as that in circular pipes can the treatment of open-channel flow 
be improved by more sound physical relationships; however, although pipe 
resistance depends largely upon wall roughness, the open channel introduces 
as further variables the cross-sectional form and the non-uniformity of longi- » 
tudinal profile, both of which can influence C to an appreciable degree. This 


is probably the most fertile field of present-day hydraulic research—surely the 
most imperative. 


27See “Discharge Characteristics of th OO raniail ata 
Engineering, April, 1936, p. 257. e Free Overfall » by Hunter Rouse, Civil 
. 
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A SYMPOSIUM 


Discussion 


By MEssrs. BAYARD F. SNOW, AND OLE SINGSTAD 


Bayarp F. Snow,” M. Am. Soc. C. E. (by letter)**.—The operations pre- 
liminary to the construction of the Quabbin Dam and Dike afforded an 
excellent opportunity for the collection and study of many data relating to 
the exhaustive pumping of ground-water. Such data are of intense interest 
to many engineers whose work concerns the flow of ground-water, and Mr. 
Dore deserves much credit for the manner in which he has collected and 
presented the facts. Undoubtedly, the problem of estimating the expected 
leakage through the earth over-burden under a dam is nearer a rational and 
reasonable solution as a result of this paper. ‘There is a question, however, 
as to whether the data and study are of most value in connection with esti- 
mating the flow under proposed dams. It is true that, in the case of the 
Quabbin works, the bore-holes were made and some of the pumping was done 
prior to the actual beginning of core-wall construction even if such holes may 
not have preceded the decision to construct such a water-stop. There is no 
doubt that they assisted greatly in the construction of the core-wall. How- 
ever, much of the information was gathered during the sinking of the cais- 
sons and, therefore, can have had no part in reaching the decision that 
caissons were necessary. 

It would be of considerable value to the Engineering Profession if Mr. 
Dore would present a modification of his study of these basic records to 
assist in answering a series of questions frequently met in the study of the 
flow of ground-waters; for example: 


(a) What is the probable safe yield and the optimum spacing of wells 
under given geologic and topographic conditions? 


Norp.—This Symposium by Frank BE. Winsor, M. Am. Soc. C, E., and Stanley M. 
Dore and Frank W. Fahlquist, Assoc. Members, Am, Soc. C, H., was published in March, 
1936, Proceedings. This discussion is printed in Proceedings in order that the views 
expressed may be brought before all members for further discussion of the Symposium. 

16 Cons. Civ. and San. Engr.; Director, X. Henry Goodnough, Inc., Boston, Mass. 


16a Received by the Secretary May 15, 1936. 
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(b) What portion of the pumpage is depletion of storage, what part is’ 
infiltration from within the area of the circle of influence, and what part a 
ground-water flow from outside that circle? and, 

(c) With soil of a given porosity, what part of those pores is filled with 
water and how much of that water can be drawn as the water level is lowered 
by pumping? 


Fig. 10 indicates that there was no change in water level at points $ mile 
up stream and down stream after eighty weeks of pumping, although at the 
caisson it had dropped 100 ft below its original level. Pumping rates for a 
year had been about 3 mgd, after which they had increased so as to average 
slightly more than 5 mgd. One may assume that, at a point 4 mile above the 
dam, there was no change in the direction and velocity of the flow of ground- 
water and surface water as the result of the pumping. The easiest hydraulic 
channel for water precipitated on the uplands above this point was by sur- 
face and underground courses to the river, and this condition was unchanged 
by the pumping. It seems obvious, therefore, that in such materials the water- 
shed from which a ground-water supply could be taken by wells near the site 
of the dam was less than a mile in diameter and that the safe yield would be 
not more than one-tenth the rate of pumping actually used in dewatering the 
soil, and even that only by excessive draw-down. It is probable that with a 
slight change in average size of grain, the radius of influence would be 
extended greatly. The real question is whether a circle of influence or area 
contributing to the yield of a ground-water supply can be predicted by 
analysis of soil samples. If Mr. Dore can utilize his data to this end and 
give the Engineering Profession a workable means of determining yield of 
wells under given geologic conditions, a noteworthy contribution to water 
supply engineering will have been made. 

The determination of permeability by borings is certain to be, in a large 
measure, a matter of luck. Mr. Dore calls attention to the random nature . 
of the deposits and refers to the connection of the coarser deposits by links of 
relatively small cross-section, but which serve very effectively in conducting 
the flow from one coarse lens to another. In seeking a suitable site for an 
additional ground-water supply, the writer has had the experience of finding — 
what appeared to be a pocket of coarse material completely surrounded by a 
very fine sand. As far as borings could reveal any information, an acre or 
two of coarse sand was available, which would serve as a collecting and stor- 
ing reservoir, surrounded by material through which water would flow at 
very slow rates. The area between the old well field and the new site was 
apparently an almost impervious barrier. On a pumping test, however, it 
was shown that hydraulic communication between the two areas was free 
and that each well field responded promptly to pumping from the other. 
It would appear, therefore, that the zone of influence was much larger than 
would have been indicated by computations based on examination of boring 
samples. ' 

In this area the writer saw an interesting demonstration of the transmis- 
sion of pressure through ground-water. On one well a stroke of a hand-pump ~ 
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caused an immediate temporary drop of an inch or more in the water level at 
the other well, 80 ft, or more, away. This calls attention to the fact that 
ground-water flow is affected not only by the permeability of the water-bearing 
strata, but also by the resistance to transmission of air through the overlying 
material. If the water-bearing material adjacent to the first well had been 
freely open to atmospheric pressure, there would have been little discernible 
effect of the vacuum a few feet away from the well. Many test wells in the 
writer’s experience have disclosed nothing which would indicate a potential 
water supply, all the material above ledge being nearly impervious. Fre- 
quently, however, a thin stratum of coarse material lies at the rock surface 
and serves to form a channel through which the water flows freely and perhaps, 
by reason of the nature of the overlying material, transmits a differential 
pressure for considerable distances to points where the over-burden is less 
in amount or more pervious. When deposits of coarser material are con- 
nected by such devious channels the total effective water-shed to a well may 
be much greater than study of the most carefully selected boring samples 
would indicate was possible 

The ratio of permeability between the material of such a very thin coarse 
stratum and the overlying fine deposit may be 100 to 1 so that it would appear 
to be important to measure the water-bearing stratum with extreme care. 
The ordinary methods of wash-boring and sampling do not permit of such 
refinement, even if by luck the boring penetrates a representative section of 
such a stratum. This being so, although the writer agrees that water tends 
to open passages of flow between pockets of coarser materials and feels that 
such passages may have a carrying capacity equal to that of the deposits of 
coarse sand they connect, nevertheless, the determination of the average 
permeability of a cross-section by boring samples is subject to great errors, 
especially where the borings miss the larger masses of ‘relatively coarse 
material and may or may not penetrate a typical cross-section of the connect- 
ing channel. Is it not more simple and more accurate to utilize the test 
borings that would be necessary for soil sampling, pumping from some and 
observing the slope of the water surface at others, rather than to depend 
upon samples obtained by more or less blind groping? 


Oe Srinestap,” M. Am. Soc. C. E. (by letter).“*—Being especially well 

¢ prepared the valuable paper by Mr. Fahlquist presents an excellent picture of 
the geologic features of an extensive project and their relation to its construc- 
tion operations and cost. The most impressive aspect of the paper is the manner 
in which the geologic features have been taken into consideration in the planning 
of the tunnel project. It illustrates the importance and value of the co-opera- 
tion between the engineer and the geologist in the proper planning of an 
underground project of this magnitude. It is quite evident that this thorough 
and scientific consideration of the geological features in the planning was 
in large measure responsible for the successful construction operations car- 
ried on without untoward happenings. This complete preliminary informa 


11 Chf. Engr. New York City Tunnel Authority, New York, N. Y. 
17a Received by the Secretary April 3, 1936. 
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tion undoubtedly removed from the project much of the uncertainty attached 
to the bidding on underground projects where the preliminary exploratory 
work is less thorough, resulting in economy to the owner and a greater degree 
of certainty that the contractor can complete the work within the bid price 
and the stipulated time. 

The paper also presents in convenient tabular form much valuable infor- 
mation as to cost and progress, and shows the variation of these items in 
relation to the geologic conditions. It should be of great value to engineers 
dealing with underground construction work, in stimulating more attention 
to the geologic features and more thorough exploratory work than has some- 
times been the case in the past. 
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ADMINISTRATIVE CONTROL OF 
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PiivolGAL AND LEGAL. ASPECTS 


Discussion 


By Messrs. JOSEPH JACOBS, AND W. D. FAUCETTE AND 
J. E. WILLOUGHBY 


JosmrH Jacons,’ M. Am. Soc. C. E. (by letter)."—This exceptionally 
able paper deals with the subject of the administrative control of under- 
ground water—a consideration of steadily increasing importance in the eco- 
nomic development, not only of the semi-arid sections of the West, but of the 
entire country. In his reference to irrigation in Oregon and Washington, 
the author inadvertantly states that “west of the Cascade Mountains irriga- 
tion is not practiced, but east of these mountains both States are arid.” 
The writer desires to offer a correction of that statement. 

As to the sections east of the Cascades it would be more accurate to state 
that they would, in general, be classed as semi-arid although there are con- 
siderable areas along the eastern border of Washington, and to some extent 
in Northeastern Oregon, that have sufficient rainfall for successful agriculture 
without irrigation. The status of irrigation west of the Cascades is por- 
trayed in the following quotation from a paper prepared by the writer for 
the Pacific Northwest Regional Planning Commission and which appeared, 
in abstract, in a report published in 1936 by the National Resources 
Committee: 

“There has, as yet, been but limited irrigation development west of the 
Cascades. A relatively high annual precipitation, and a relatively high 
humidity, even in summer, have served to discourage such development. 
However, despite the rather substantial annual precipitation, its 3 inches or 
less of summer rainfall, when water is most needed by the crops, is less than 
that of many irrigated sections on the east side. The cost of west-side irriga- 
tion should, in general, be much less than that of the east side due to the 


shorter irrigation season, the less amount of water required, and the more 
readily available water supplies. Unquestionably, the agricultural output 
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would be increased by such irrigation and unquestionably,, too, the expense 
involved would, in many instances, be fully justified economically. About 
42.000 acres are now irrigated in western Washington and 65000 acres in 
western Oregon, of which about 10000 acres are in the Willamette Valley. 
A recent study made by the Oregon State Planning Board, reports 1 140 000 
acres of irrigable land in that valley. A more detailed investigation of the 
valley is now being made by the Corps of Engineers, United States Army. 
It is easily conceivable that west-side irrigation may ultimately amount to as 
much as 1500000 acres.” 


W. D. Favcerte® anp J. E. Wittovcusy,’ Mempers, Am. Soo. OC. E. (by 
letter)."—In view of the prevailing lack of administrative control of the 
ground-waters and the reckless destruction of those waters by interests having 
other objects in view, this paper is particularly timely. There is now (19386) a 
determined effort, well-financed, to obtain the excavation of a sea-level ship 
canal by the Federal Government across the underground flow in the peninsula 
of Florida, which has aroused the apprehension of the many people whose 
farming and fruit-growing industry is dependent on that flow. The physical 

conditions in Florida make a résumé 
exsonville thereof an item of interest in connec- 
tion with Mr. Conkling’s paper. 

The author discusses conditions that 
obtain in the arid West; in Florida, 
the rainfall is generous, and the geo- 
logical relationships are different from 
any mentioned in his paper. Artesian 
water in Florida is not found in struc- 
tural basins, but it moves outward and 
downward in a great dome of Ocala 
limestone. This limestone (which is a 


0 


St. Augustine 


Fes 


st Petersburs, |. ~300 porous, soft, cavernous material through 
~ which ground-water moves freely) lies 
—600 


at or near the surface in the area from 
B\ about Webster and Bushnell on the 
and Gainesville, High Springs, and 
ates Mayo on the north, and extends to the, 
(s Gulf of Mexico (see Fig.1)”. The flanks” 

y of this limestone outcrop are covered 
with younger and often more impervi- 

Frc, —Saverunsr, Mar wire Coxroun ous formations. The Ocala limestone 
cep ely outcrop area forms a great catchment 
basin. Copious rainfall thereon perco- 


south, to Silver Springs on the east, 


lating outward and downward through this formation which underlies the — 


entire State of Florida and is the most important water 
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in the State, is the source of a large percentage of the ground-water supply 
available through deep wells and springs in the Peninsula. 

A most important and pertinent question raised by the advocates for the 
conservation of the ground-waters of Florida is the effect of a 200-mile ditch 
cut 30 ft below sea level, across the catchment area that supplies the greater 
part of the artesian water of Florida. Would such a ditch so intercept, con- 
taminate, and pollute the ground-waters of the Florida Peninsula as to destroy 
much of the beauty and charm of the great winter playground of the Nation, 
and, at the same time, ruin its groves, farms, and its market gardens? Would 
the canal bring about a situation whereby the residents of Florida could no 
longer depend upon ground-water supplies for industrial, municipal, agricul- 
tural, and domestic uses ? 

For several years, in co-operation with the U. S. Geological Survey, the 
Florida State Geological Survey has been making a study of the ground-waters 
of the State. Realizing the danger of promiscuous borings for artesian 
water and of contamination by drainage wells, the State Geologist has advo- 
eated a very careful supervision and conservation of ground-water supplies, 
and laws have been passed to that end. In spite of these recommendations, 
certain engineers and geologists have made superficial investigations and 
recommended the building of the canal, without giving due consideration to 
its effect upon ground-waters. 

To the present time the weight of scientific evidence as to the effect of a 
canal on the geological problems involved, has been against, rather than for, 
the building of the canal. The geologists who have reported favorably on the 
canal admit the possibility of grave danger to such scenic features as Silver 
Springs and Blue Springs, but state that this danger may be minimized or 
entirely prevented by proper engineering precautions. However, lowering 
the water-table to 40 ft below the present level of Silver Springs and Blue 
Springs, and the lower courses of the Withlacoochee and Ocklawaha Rivers, 
will undoubtedly destroy these springs. That is what an effective drainage 
ditch will always do—drain. It is difficult to imagine any engineering pre- 
caution that can be taken to prevent it. The author points out that springs 
in the vicinity of Roswell, N. Mex., no longer exist, because the water 
formerly issuing from them has been diverted, and the area of artesian flow 
within that region has shrunk from 663 sq miles to 425 sq miles, because of 
depressed piezometric head. 

In regard to the effect of salting artesian wells, the geologists favoring the 
canal frankly admit that they do not know what will be the result, if the canal 
is constructed. However, Dr. Herman Gunter, Florida State Geologist, 
specifically states that such salting is greatly to be feared, especially in that 
area where highly mineralized water is present at moderate depths. Any 
lowering of head due to excessive drainage in the Ocala catchment area may 
‘cause further encroachment of salting in those areas where there already 
exists a delicate balance between fresh water and salt water. This condi- 
tion is already faced by some vegetable growers in the Sanford Section. Less 
than normal rainfall on the catchment basin over a period of several years 
has reduced the quantity of ground-water available in the Ocala formation, 
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and this, together with the attendant necessity of heavy draft on flowing 
artesian wells for the irrigation of crops, has resulted in some wells in the 
Sanford District ceasing to flow, and the waters in others showing high 
salinity. The construction of the proposed canal could accentuate and make 


permanent these conditions, not only in the Sanford area but also in other 


important vegetable and fruit-producing districts of the State. Growers in 
the Sanford District, having experienced the disastrous effects on their crops 
of depleted ground-water supplies, have arisen en masse protesting the con- 
struction of the canal, fearing that it would completely destroy their liveli- 
hood. It is also true in certain areas, such as Sanford, that any diminution 
of head would necessitate the pumping of wells where they now flow freely. 
This would greatly increase the cost to the growers of water used for 
irrigation. 

Geologists and engineers who have favored building the canal have definitely 
stated that the pursuit of agriculture and the growth of vegetation will not be 
affected; that the progress of agriculture and the growth of vegetation in 
general are only remotely related to the water-table. These are strong state- 
ments when it is remembered that three-fifths of the rainfall of Florida is in 
June, July, August, and September (which is the non-growing season, as 
Florida farmers produce their crops during the winter months for the Northern 
markets), and evaporation is so great that probably less than 20 of the 50 in. 
that fall as rain sinks into the soil. The control of water through irrigation 
and drainage is rapidly becoming a limiting factor in successful crop pro- 
duction in all areas of the United States. Areas in Florida that are not 
irrigated, and where the water-table is 60 to 100 ft below the surface, are 
adapted, only under exceptional conditions, to a highly developed agriculture. 
Florida growers are beginning to realize the necessity for more precise control 
of water in crop production if the State is to mtaintain its horticultural 


7 
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prominence. In that State, with the exception of the Everglades, irrigation is 
mostly from the underground water supply. Vast producing districts have 


been established in many parts of the Peninsula where perishable crops are 
grown under intensive methods based on irrigation from deep wells. This 


shows that Florida farmers realize that they cannot depend entirely on rain- — 


fall for the production of their crops. Like many areas in the West, noted 
by the author, Florida is using more and more artesian water for irrigation, 
and for municipal, industrial, and domestic purposes; and there is, therefore, 
a constantly increasing drain on underground supplies. 


—, 


The statement has been made that although the water-table at the edge 
of the canal would be lowered to sea level, normal water-table slopes would be — 


approached 10 to 15 miles from the canal. Unfortunately, the areas used 
in calculating these slopes were not taken in the Ocala limestone, but were in 


the Tampa and Hawthorne formations, which are younger and more imper- — 


vious. As the Ocala material has a mean porosity of 30.6%, and as the canal ] 


would cross “the ramifying system of ground-water drains which has been 
developing over a period of millions of years”, discharge from this area would 
be very rapid and the water-table slopes in such a formation much more 
gentle, than those used in the calculations previously cited. 
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Over a large area in Central Florida the water-table stands between 40 
and 50 ft above sea level. With more complete drainage established by cut- 
ting into the Ocala limestone, the water-table will fall to sea level over approxi- 
mately the same area with the following results: (1) Decrease of head will 
cause salt water to rise in artesian wells approximately 40 ft for every foot 
the head is reduced; (2) lowering the water-table will remove supports from 
cavern roofs and walls, and there will be a progressive formation of sink 
holes from the canal, both to the north and south; and (3), the areas of high 
water-tables (the piezometric surface), both north and south of the canal, will 
be lowered, whereas high water-tables have a beneficial effect on temperature 
during cold waves. 

Amplifying Result (2), perched lakes and swamps will be drained. It is 
interesting to note that many of the lakes of Florida may be of this character. 
A notable example of a lake of this type existed at Payne’s Prairie, near 
Gainesville, Fla. Payne’s Prarie has an area of 18 to 20 sq miles. In the 
summer of 1790, William Bartram visited this section and found a vast 
savanna that afforded pasturage to large herds of horses and cattle belonging 
to the Alachua tribe of Indians. When visited by James Pearce, in 1824, 
this basin was still dry land. About 1871, Alachua sink became clogged, 
and the body of water thus formed was known as Alachua Lake, which is 
reported to have been navigable for small steamers. This lake continued until 
the summer of 1891, when it was drained through a sink. Since that time the 
lake bed has remained dry land, with the exception of temporary overflows, 
and is known as Payne’s Prairie, one of the best cattle-grazing areas in the 
State. 

As the author points out, the use of ground-water in the United States as a 
whole is constantly increasing, and it is important that this valuable natural 
resource be conserved. Ground-water is the very life blood of Florida; and 
in view of this fact one can readily understand the concern which many 
localities in that State, south of the route of the proposed canal, have shown 
with regard to the conservation of their most important natural resource. It 
is the hope of the writers that the present agitation in Florida will lead to 
more effective administrative control, and to the development in the mind 
of engineers and of the public of a greater sense of responsibility to the 
future of preserving the ground-water resources throughout the Nation. 
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FLOOD PROTECTION DATA 
PROGRESS REPORT OF THE COMMITTEE 


Discussion 
By C. R. Pettis, M. Am. Soc. C. E. 


Q. R. Pertis,, M. Am. Soo. C. E. (by letter).°*—The five recommendations 
of the Committee are thoroughly sound, and represent studies which are 
necessary for a proper consideration of various flood problems. There is no 
sharp line of demarcation between cloudbursts and storms of other types; but 
for certain practical reasons it is desirable to make a study of cloudbursts, 
considered as an independent type. 

It is suggested that Man’s occupancy of the land has introduced certain 
problems, and in this particular connection erosion is probably of more 
importance than the effect on flood peaks. Any studies made under Recom- 
mendation (4) should give careful consideration to erosion. Referring to 
Recommendation (5), the writer is of the opinion that benefits can not be 
properly evaluated without giving consideration to damages, and the probable 
frequency of their occurrence. 

The recommendations should have included a study of flood probabilities, _ 
which is a primary element that must be considered in connection with flood- 
control problems. The probable 100-yr flood, with which most engineers are 
familiar, is a convenient basic unit to use in connection with probability 
studies; one primary purpose of the proposed study should be the assembly of ~ 
data relating to probable 100-yr floods and their determination. 

The probable 100-yr flood is slightly greater than the flood which will 
probably be “equalled or exceeded” in a period of 100 yr. Either unit can 
be used, but the writer prefers to use the former. An actual 100-yr flood — 
for any station is the maximum flood that occurs at that station during some 
period of 100 yr. More than 90% of actual 100-yr floods will lie between 
the limits of 80% and 120% of the corresponding probable 100-yr floods. 

An excellent study of storm rainfall was made by the Miami Conservancy 
District’. From the U. S. Weather Bureau records the probable 100-yr rain- 
a ee 
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fall can be obtained for any locality with a fair degree of accuracy (probable 
error of less than 10%). The probable 100-yr run-off for a given station 
ean be defined as the run-off which will result at that station if a 100-yr 
_storm occurs above the station, provided the conditions at the beginning 
of the storm are such that the seepage during the storm will be near the 
minimum for that locality. It would be possible in certain cases, for an 
experienced observer to make a tentative selection of actual 100-yr floods, 
based on the foregoing definition. For example, in the March, 1913, storm 
in Indiana and Ohio, actual 100-yr floods occurred generally in the area 
where the total storm precipitation was 9 in., or more, and smaller floods 
occurred where the precipitation was less than 9 in. 

There are several methods for determining the probable 100-yr flood. One 
of the simplest to apply is the width formula’. When used for this purpose 
by an experienced observer the width formula is fairly accurate, but the 
results should be checked by any of the other methods which can be applied 
in a particular case. By means of the width formula the writer has com- 
piled a list of 188 actual 100-yr floods in the United States. Fifty-two of 
the floods have been checked by precipitation records and practically all 
of them could be similarly checked by making a search in the U. S. Weather 
Bureau records. Fifteen of the floods are shown to be the largest that have 
occurred at the particular stations in a period of 100 yr, or more; and twelve 
of them have occurred in Pennsylvania, where there appears to have been 
more research of unofiicial records than elsewhere. 

Several methods have been proposed for applying the principle of mathe- 
matical probabilities to river discharge records in order to determine probable 
100-yr floods. Although each of the proposed methods has certain advantages, 
the results are generally about the same. The writer prefers the Foster 
method®. A Foster determination based on a river record of 35 yr, or more, 
will have a probable error not greater than 10 per cent. Foster determina- 
tions with shorter records (20 to 85 yr) will give values, about one-half of 
which will be fairly accurate, and the other half will be low, and not satis- 
factory. The preceding statements are based on more than 100 determina- 
tions, 35 of which were for rivers included in the list of actual 100-yr floods. 
The Foster determinations could be extended at the present time, and the 
method will increase in value as longer records become available. 

The unit-graph method can be used to determine the probable 100-yr 
flood. This method and its application will undoubtedly be improved as it 
comes into wider use, and its value will be correspondingly increased. 

To summarize, there are three independent methods of determining 
probable 100-yr flood values: 


(1) The width formula, which does not require a river record at an indi- 
vidual station; but the coefficient in the formula must be determined from 
adequate records of a group of rivers; 


7 Engineering News-Record, June 21, 1934. 

8 “Theoretical Frequency Curves and Their Application to Hngineering Problems”, by 
H. Alden Foster, M. Am. Soe. C. E., Transactions, Am. Soc. C. H., Vol. LXXXVII (1924), 
p. 142 
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’ 
(2) The Foster method (or some other similar method), which is based 
on a record at an individual station; the record must cover at least 35 yr 
for this method to be satisfactory as a direct check; and, 
(3) The unit-graph method which is based on a careful study e an 
especially selected storm and its run-off. 


Each method has certain advantages and certain limitations. Methods (1) 
and (3) do not require long records, and they can be applied to almost any 
river station at the present time. Results obtained by checking with two 
or three of the methods should be quite accurate. 
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EQUITABLE ZONING AND ASSESSMENTS FOR 
CITY PLANNING. PROJECTS 


PROGRESS REPORT OF COMMITTEE OF 
CITY PLANNING DIVISION 


Discussion 


By GEORGE H. HERROLD, M. Am. Soc. C. E. 


GerorcEe H. Herrozp,’ M. Am. Soc. C. E. (by letter).°“*—Probably the best 
measure of the equity of a special assessment is the number of assessment 
delinquencies and the circumstances under which assessments become delin- 
quent. Using these measures it appears quite clearly that present methods of 
apportioning benefits for local improvements are inequitable. The Committee 
on Finance and Taxation of the U. S. Chamber of Commerce has compiled 
data showing that, in 1931, cities with 10% or less of their general tax list 
delinquent frequently had 20% or more of their special assessments on delin- 
quent lists. This conclusion is also borne out from the partial or preliminary 
report of the Committee on Tax Delinquency of the National Tax Association.° 

In St. Paul, Minn., a study of benefit assessments was conducted in 1935 
as a Work Relief Project. A carefully prepared questionnaire was sent to 
officials in all cities with a population greater than 30000. From the answers, 
it was possible to analyze the methods used in 153 cities. It will be a long 
time before the analysis is complete, but there can be but one conclusion, and 
that is, that the equitable zoning of assessments is impossible by present 
methods. In fact, such assessments of benefits are so far from actual condi- 
tions as to prove conclusively that the basis of the assessment was simply 
the “enthusiasm of hope.” 

Correction of such methods may be achieved in several ways: (a) Adjust 
present methods so that they take into account all the known developments 
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of benefit; (b) provide legal safeguards against the worst dangers of special 
assessments; or (c) use other means to supplant or assist the special bene- 
fit assessments levied. 

In adjusting present methods so that they take into account all the known 
differences of benefit, it must be made possible to use such ideas as “benefit 
districts”, “zones of benefit”, and “ratio of benefit.” These concepts would 
constitute a framework or general structure for future assessment methods. 
The mechanical application of the front-foot rule against abutting property 
is an undeveloped assessment structure that cannot be expected to differentiate 
and measure, separately, a complex pattern of benefits. To achieve adequate 
measurement more is needed than a developed structure of apportionment. 
There must be guides to assist in finding the structure ér framework of the 
benefit theory to the specific circumstance of the improvement. There must 
be means of determining the boundaries of special benefit, of distinguishing 
different types of benefit, and of accounting for the factor of value. 

It is true, of course, that rigid restrictions in laws attempt to prevent 
equitable assessments. For instance, Pennsylvania and Tennessee are still 
tied to the simple undeveloped front-foot apportionment by State law. On 
the other hand, some States are trying to encourage more developed methods 
by granting specific authority to set up benefit districts and zones with 
different ratios of benefit, such as in California. Furthermore, some States 
have no restrictions in their statutes and permit the local assessor to develop 
his own methods subject to review by the Courts. 

Studies that have been made in St. Paul would indicate that administrative 
officials dislike to admit what their system is for determining benefits. This 
attitude, of course, indicates a lack of clarity of thought on the subject and 
is quite good proof that the officials are following some precedent—a method 
that had been used before and possibly had been supported by the Courts. 

Possibly one of the reasons for continuing methods that are not equitable 
in those States where some latitude is given as to methods used, is the fact 
that the burden of proof is always placed on the one who contests the assess- 
ment rather than on the agency spreading the assessment. It is apparent 
from the bibliography compiled in connection with this study, and from the 
questionnaires answered, that little thought is ever ‘given to the changing 
values of all things. When an improvement is financed, the cost of which is 
to be amortized over a long period of years, the promoters cannot foresee, 
because of changing economic conditions, whether the improvement is to be a 
betterment or a detriment from the economic standpoint. The cost of mate- 
rials varies from year to year and the value of land fluctuates between good 
times and bad times, and even the value of a beautiful park may change 
because of changes in social ideas. 

In the opening or widening of streets for city planning improvements, it is 
apparent that the value of the land required for the street was created by the 
people of the city and not by the owners of the property, and there would seem 
to be only one clear thought in this problem. 

A study of the 153 cities, the data from which were used by the Committee, 
leads to the conclusion that the human element, in making assessments of 
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benefits, is so far from being infallible, that the time has come to adopt some 
more scientific method. Long-time planning, with capital expenditures, are 
bound to continue and increase in number, and if engineers are not wise 
enough to determine where the benefit lies in.a equitable way, time will help 
in the solution because the increase in values in one part of the city and the 
decrease in values in another part, will be the reflection of the value of the gen- 
eral improvements made through the years. 

Engineers seeking new fields of endeavor may find it in the determina- 
tion of benefit assessments, because it is really an engineering problem. 
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PRINCIPLES TO CONTROL GOVERNMENTAL 
EXPENDITURES FOR PUBLIC WORKS 


FIRST PROGRESS REPORT OF COMMITTEE OF 
ENGINEERING-ECONOMICS AND FINANCE DIVISION 


Discussion 
By MEssrs. IVAN C. CRAWFORD, AND SAMUEL B. FOLK 


Ivan C. Crawrorp,” M. Am. Soc. C. E. (by letter).”“—The principles, sug- 
gested by the Committee, “to guide the Federal Public Works program” are 
to be applied to both Federal and non-Federal projects alike. A non-Federal 
project may be defined as one sponsored by a State, or sub-division thereof, 
the sponsor bearing a portion of the total cost with the Federal Government 
contributing the remainder as a grant. 

Principle (1) proposes the establishment of a “non-partisan Federal 
agency” to formulate a Federal public works program. Obviously, the first 
hurdle to be taken is that of securing authorization from Congress to set 
up such an agency and confer upon it the suggested powers. Experience 
teaches that in times of extreme emergency Congress freely delegates its 
powers in matters of this kind. Under normal conditions such delegations 
of authority are limited and guarded more zealously. Certainly, the experi- 
ences of the past few years provide many reasons why an organization of this 
nature should be created. 

In so far as strictly Federal projects are concerned, the “Program 
Authority” should function smoothly and rapidly because there are relatively 
few bureaus to deal with, and these agencies are operating continuously. The 
personnel is experienced. Plans may be outlined far in advance of an 
emergency. 

The relationship between the suggested Authority and non-Federal public 
works presents some interesting questions which must be taken into considera- 
tion. Recent experience has demonstrated the necessity of an effectual de-cen- 


Norz.—The Progress Report of the Committee of the Engineering-Economics and 
Finance Division on Principles to Control Governmental Hxpenditures for Public Works, 
was presented at the Annual Meeting, New York, N. Y., January 15, 1936, and published 
in February, 1936, Proceedings. Discussion on this report has appeared in Proceedings, 
as follows: April, 1936, by Messrs. Edward W. Bush, Fred Lavis, and Horace H. Sears. 
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tralization if a non-Federal public works program is to make its influence 
felt rapidly and efficiently. State or regional sub-divisions must be entrusted 
with the duty of examining the engineering, financial, and legal data sub- 
mitted by States and municipalities. Furthermore, these local organizations 
should have power to pass judgment on projects falling clearly within the 
formulated rules. Thus, the headquarters at Washington would pass on 
border-line cases, arrange priorities, and, in a general way, check on projects 
recommended by the local sub-divisions. 

Principle (2), at least that part of it referring to the use of private capital, 
should be somewhat elastic. In 1933, private capital flowed reluctantly and 
slowly into municipal projects, even those most worthy and non-controversial. 
Water and sewerage systems, both new construction and replacement, urgently 
needed by municipalities with good financial rating, had much trouble in 
securing funds from private sources at reasonable interest rates. A decision 
as to whether or not a project is to be financed by private or by Government 
capital must necessarily take into account the prevailing financial conditions 
and, therefore, the standard by which judgment is made, will vary from time 
to time. 

The reference to school authorities and school buildings under Prin- 
ciple (2) implies that an agency far removed from the locality applying for 
a loan and grant is better able to determine the sufficiency of a plant than 
the applicant itself. Under the existing scheme of government it seems that 
judgment of the residents of a school district should be decisive as to the 
needs of the district. The financial state of the district together with 
information concerning taxable wealth, tax rates, school population, and 
unemployment should furnish the Federal agency with sufficient data on 
which to take action. Two years of experience in this work convinces the 
writer that school districts do not contract debts for new school buildings 
unless there is a real need for them. 


Little exception can be taken to Principle (3) when it is considered as a 


general statement. In the writer’s opinion, the literal application of this 
principle as a hard-and-fast rule would obstruct progress in national life to 


a marked degree. If, however, before rejecting a project “which would - 


duplicate, or impair the value of, existing property and facilities that afford 
adequate service to the public at reasonable rates”, there is to be an “impar- 
tial and competent investigation” then most of the objection to the rule 
might be eliminated. As matters now stand, the public is bombarded with 
propaganda from interested and opposing sides, with no neutral party 
possessing the confidence of the public to give impartial advice. 


For strictly Federal works, the setting up of an order of relative merit 


should not be impossible of attainment. Non-Federal projects, however, 
again present a problem when Principle (4) is considered. Is a water 
supply system in Utah to have precedence over a sewage disposal project in 
Louisiana? Which will confer the greater benefits on the nation? ‘Title IT 
of the National Industrial Recovery Act of 1933, in Sections 202 and 203, 
names certain types of public works which are eligible for Government aid. 
The objective sought by Principle (4), so far as non-Federal works are con- 
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cerned, could more easily be attained, it appears to the writer, if the different 
categories of public works were listed in preferred order, somewhat in the 
manner used in the sections of the National Industrial Recovery Act. 

This Committee has approached a controversial subject in a straight- 
forward manner and has produced a very worth-while report. Study of the 
subject should be continued actively not only because of its closeness to 
the civil engineer, but also on account of its importance to the public 
generally. 


Samuget B. Foux,* Assoc. M. Am. Soo. C. E. (by letter).**—It is hoped 
that the Committee will amplify the seven broad principles of this interesting 
report, stating the underlying philosophy, so that every one will know exactly 
where it stands on the elusive question of public works. This is an intensely 
live subject, and a thorough discussion and much caution are necessary 
before there is established, too definitely, any principles so broad that they 
mean little, or so narrow that the action of the Committee will be regretted 
in a year or two. 

The writer feels that the subject is progressing so rapidly that new ideas 
are evolved almost before the old ones can be assimilated. Whether the new 
theories are valid cannot be determined without thorough discussion and 
(perhaps) some experimentation. The engineer, of course, will not revolt 
at a scientific experiment, as other men will, because engineering was 
established on tests as well as theory. 

Principle (1).—To base the project on “sound economic consideration 
exclusively” is a fine beginning, but might be interpreted as a statement too 
conservative for a body of engineers awake to the necessity of a real public 
works program sufficient to counterbalance the lack of private construction. 
It is difficult to get reliable estimates before they are out of date, but, at 
present, it seems that public works will get not $1 000000000 as originally 
intended, but only one-third of this sum, the remainder being diverted to 
other purposes—mostly to the Works Progress Administration (WPA) which, 
unfortunately, is generally confused with the Public Works Administra- 
tion (PWA). ‘The total income of the nation has been cut from a peak 
of approximately $80000000000 per yr before the depression to about 
$40 000 000 000 or $50000 000000 per yr for the last several years. Many 
industries are now producing on a basis comparable with that of 1928-29. 
The one contrary example is construction—both private and public. If 
economic recovery can be attained by Government spending, then public 
works should be one of the first means of attacking the problem. An allot- 
ment of $5 000 000 000 to $10 000 000 000 for this purpose is likely to frighten 
the budget balancers, but, if this will expand the annual income again to 
approximately $80 000 000 000, the cost will be cheap. Furthermore, Federal 
public works funds have been more than matched by local money. This 
practice should be continued and is a better criterion of the program than 
the “sound economic considerations.” If the project has a useful character 


18 Assoc. Prof. of Mechanics, Ohio State Univ., Columbus, Ohio. 
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it will be sufficient. No local community will squander its own money for 
“white elephants” even if the Federal Government pays one-half the cost. 
Furthermore, the “sound economic consideration” is incompatible with the 
second principle, as will be shown subsequently. 

To formulate such a program would be quite a task for a body of the 
character of the United States Supreme Court. This suggestion was prob- 
ably made to assure that the body would be permanent and non-partisan. 
However, theories of public works, national ideas of types of projects, and 
changing conditions affected with the public interest, demand a type of 
board which is keenly alive to the public weal. A further excellent require- 
ment of the Committee’s report (that plans be revised periodically in the 
light of new developments) leads to the suggestion that the board be con- 
stituted like the Interstate Commerce Commission with eleven members 
whose terms expire at different times. If it is felt that such a board would 
be too large and unwieldy there is plenty of precedence for a smaller size; 
for example, the Federal Communications Commission has seven members, and 
the Federal Power Commission, five. A board the members of which are 
appointed for definite terms (say, 10 yr) is more likely to examine, critically, 
any plan submitted and revise periodically any national program which has 
been adopted. Ten years is not an unreasonable length. Comptroller-General 
J. R. McCarl was appointed for fifteen years. Furthermore, young and pro- 
gressive engineers get some consideration on a board the duties of which are 
formulative rather than negatory. The writer feels, therefore, that the 
Committee report will receive more favorable comment if the United States 
Program Authority is organized as a commission, with the United States 
Senate confirming all appointments. 

Principle (2).—The definite public need is a highly commendable require- 
ment. Any project passed by the United States Program Authority, or the 
present Public Works Administration, would no doubt be a benefit to 
the economic or social status of society. Whether it will be possible to rate the - 
projects in accordance with their relative merits remains to be seen. How 
would the Boulder Dam compare with the Tennessee Valley Authority 2 

Although it is true that projects can be divided into two classes, (A) those _ 
delivering services that produce revenues, or economies; and (B) those whose 
benefits are social or general and not amenable to economics; yet, the “sound © 
economic consideration” of Principle (1) limits deliberations to Class (A) 
since sound economics connotes no social or intangible value. Hence, this 
requirement is incompatible with Principle (1). 

One example of well-established public need is housing. From the F. W. 
Dodge reports it is seen that residential contracts for three years (1932 to 
1934, inclusive) averaged about one-tenth of the 1928 total ($2 800 000 000). 
The U. S. Department of Labor reported that between 1930 and 1933 there 
was an increase in population in 257 cities of about 600000 families but 
the total residential construction provided for only 150000 families, Further 
losses are caused by fire and demolition—a considerable number. This does 
not mean there is no need for housing. It merely means that a large class — 
of American people cannot afford decent homes unless the Federal Govern- _ 
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ment subsidizes low-rental housing. The Committee would bar this practice, 
however, under Principle (1), “sound economics”, and under Principle (2), 
Class (B), wherein housing and slum clearance are labeled as “local” prob- 
lems that may affect neighborhood property unfavorably. Before adopting 
this report the Economics-Engineering and Finance Division should consider 
carefully whether low-rental housing and slum clearance (and the two are 
separate and distinct problems which should not be confused) are any more 
local problems than relief or agriculture, remembering that oranges from 
Florida compete in Ohio with those from California, and that unskilled labor 
from Alabama treks to Chicago, Ill, and Detroit, Mich., for jobs. Can the 
Division afford the criticism of anything but an integrated attack on the intri- 
cate problems of a vast country in an automatic-machine age? 

The writer feels that civil engineers whose major interest lies in the con- 
struction industry must concern themselves with advancing the fundamentals 
of housing and, if at all possible, should develop new designs and methods of 
fabricating decent houses. Those who are “scanning the horizon” for an 
industry or a product to lift the country from the depression should con- 
sider the possibility of a much needed reform in housing types, where mass 
production can contribute to bath-tubs, door-knobs, furnaces, kitchen appli- 
ances, and exterior panels. This is mostly a social benefit which does much 
for research and industry and contributes immensely to fighting disease, fire, 
and crime. However, some estimate can be made of the economies pro- 
duced, and some revenues now used for such purposes would be available for 
other services. Hence, the division between Principle (2) Classes (A) and 
(B) is not definite. 

A study in 1934 in Cleveland, Ohio, by Howard Whipple Green, for the 
Public Works Housing Division, showed that one area contained 2.47% of 
the population, but required fire protection costing 14.4% and police protec- 
tion costing 6:5% of the taxes. The area requires $1 962000 tax money com- 
pared to $785000 for the average area of equal population. Costs of 
delinquency, premature death, and penal and welfare institutions for this 
area must be added to this total. One may conjecture on the percentage of 
assessed taxes collected from this area compared with the average. 

In the last sentence of the “Remarks” concerning Principle (2) the Com- 
mittee seems to express a feeling that no housing or slum clearance should 
be undertaken except by local communities because it “may affect neighbor- 
ing property unfavorably, and they always raise troublesome questions best 
handled by the localities themselves.” This appears to be a good way to pre- 
vent anything from being done, since the local communities do not have the 
funds, have grown up too close to the slum areas to evaluate them, have 
not the perspective background, or experience, of a Federal board, are inadept 
and novices at attacking the problem, and probably are controlled by the real 
estate speculators who will not “play” unless they get “a cut.” These are 
harsh words; but they are reasons why towns cannot do this effectively. As 
for “affecting neighborhood property”, no progress: is ever made without 
affecting present methods. This topic is so obviously the issue that the 
Committee has made it a part of Principle (3). 
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Principle (3).—Private industry has no scruples about introducing inno- 
vations and new inventions which bankrupt other private industries if there 
is profit in them. No examples are necessary here, but it might be pointed 
out that no new highways could be built under the Committee’s platform 
because of the adverse effect on the railroads. It certainly would “impair 
the value of existing property.” All progress is based on making the old 
property obsolete, undesirable, or inefficient. David Cushman Coyle, M. Am. 
Soe. C. E., states” that a people can have as much progress as they can stand 
capital loss; yet a major part of the thesis of the Committee seems to be to 
prevent progress giving a number of examples of what would be prevented 
by the adoption of this report. 

“Legitimate investment”, “reasonable basis”, and “adequately provided” 
are terms used in Principle (3) which need an economist to interpret. No 
service is adequate if a better substitute can be had for less cost. If no public 
building can be undertaken as long as there is an empty house or a vacant 
storeroom that might be used (for a postal sub-station, or an art gallery), 
the country will never arrive at the time when it will need a public works 
program. 

The Committee conjures that if a new and more economical plant replaces 
an old one, “the loss of value of the old plant” will mean that wealth has 
been destroyed; but wealth is not defined. Coal and other resources may be 
conserved—a further gain to humanity. Some one has been injured but the 
country as a whole is richer—it can produce more goods with less sweat, and 
all that is necessary is to increase consumption by lowering prices. Any eco- 
nomic justification must be made on the basis of the community, not on the 
owners of competing services. 

Just why the Committee felt the urge to inject the statement that “the 
scheme of creating ‘yardsticks’ for public uty plants is unnecessary, expen- 
sive, and unjustified” is not clear. Those who have studied the utility field 
may not agree with this point of view and perhaps conclude that the report is” 
valueless if this is a sample. The fact that the information about municipal 
plants is public does not seem to solve the difficulties. Furthermore, such 
projects do not cross county and State lines to make an economic unit of a _ 
large area, like the Tennessee Valley Authority. In this respect they are 
not competing on the same basis as a large utility with its subsidiary © 
corporations. 

Principle (4).—Under this heading, the Committee suggests classifying 
the projects in the order of relative merit based on national rather than local 
benefits, but ends with an incompatible proviso that projects remote from 
large centers of population would possess less merit during emergencies. 
Such a requirement would make any project such as the Tennessee Valley . 
Authority difficult to consider since no large centers of population are 
affected. Observe that a public works administration is to function only 
during depressions; that such an area has less merit during emergencies; 
and that the public works administration will have no appropriation during 
prosperity. It follows therefore, that “projects remote from large centers of 


» “Brass Tacks”, National Home Library Foundation, Washington, D. C., p. 14. 
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population” will never get public works. It must be remembered that 

worthy projects cannot be taken to the unemployed. On the other hand, 

many believe relief should be divorced from public works. That might be a 

possible preamble to an amended Committee report rather than a “hedging” 
- under Principle (5). d 

Principle (6)—Under this heading, the Committee states the foregoing 
philosophy very well. However, although “planners must recognize that 
there is a limit to the financial load that the nation can carry”, it must. not 
be assumed that Federal borrowing from the banks is to be the order of the 
day. Few engineers can qualify yet as financial advisers to the Government 
(although they might do as well as some others). Some more advanced 
thinkers believe a deficit must be run during depression years and a surplus 
during booms. At any rate more taxation from those who have, should be 
expected any time in the future. 

Principle (7).—The schedule-of-estimate costs in Principle (7) needs 
much discussion. Certainly the Government need not carry insurance. Its 
projects are so diverse and its capital so large that it may well carry the risk 
itself.” The public schools of Ohio receive about $1 back for every $16 of 
insurance premium. 

The Committee suggests that schools have spent an exorbitant sum. As a 
matter of record the cost of schools has never exceeded 4% of the national 
income. It was 3.35% in 1930, whereas 4.52% went for life insurance, 2.22% 
for building construction, and 15.15% for passenger automobiles. This is 
not an undue proportion for so vital a need as the education of those who must 
plan even more diligently if the present generation fails. 


2 “State Insurance of School Buildings’, Nation’s Schools, Vol. 16, No. 4, October, 
1935, and “Ohio School Plant Insurance”, Hducational Law and Administration, Vol. 4, 
No. 1, January, 1936, by T. C. Holy. 

2 “Wacts on School Costs’, Research Bulletin, National Hducation Assoc., Vol. X, 
November, 1932, pp. 205-226. 
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